
$QDO\VLV�RI�WKH�3ODVPD�&XUUHQW�3URILOH�'ULYHQ�E\�&RD[LDO�+HOLFLW\�,QMHFWLRQ

LQ�D�7RNDPDN

&KHQJ�=KDQJ�����'HQJ�=KRX�����6L]KHQJ�=KX���

���,QVWLWXWH�RI�3ODVPD�3K\VLFV��&KLQHVH�$FDGHP\�RI�6FLHQFHV

3��2��%R[�������+HIHL���������3��5��&KLQD

(�PDLO� F]KDQJ#PDLO�LSS�DF�FQ

$EVWUDFW� 7KH SODVPD FXUUHQW SURILOH GULYHQ E\ FRD[LDO GLUHFW FXUUHQW KHOLFLW\ LQMHFWLRQ LQ D ORZ�DVSHFW�UDWLR

WRURLGDO FRQILJXUDWLRQ LV LQYHVWLJDWHG E\ DSSO\LQJ WKH SULQFLSOH RI PLQLPXP HQHUJ\ GLVVLSDWLRQ UDWH� ,W LV VKRZQ

WKDW FXUUHQW SURILOH PRGHV DUH PDLQO\ GHFLGHG E\ /DJUDQJH PXOWLSOLHU β� 6RPH FULWLFDO YDOXHV RI β
F
DUH IRXQG�

'LIIHUHQW FXUUHQW SURILOHV DUH REWDLQHG LQ GLIIHUHQW β UDQJHV� 7KUHH W\SLFDO FXUUHQW SURILOHV DUH SUHVHQWHG� 7KH NH\

IHDWXUHV DJUHH ZHOO ZLWK H[SHULPHQW DV WKH ILUVW FDVH RI β��� /DUJH GULYHQ SODVPD FXUUHQW DQG D W\SLFDO FXUUHQW

SURILOH LQ D QRUPDO WRNDPDN FDQ EH REWDLQHG LQ WKH UHJLRQ RI β � WR ����� 7KHUH H[LVW UHYHUVLRQV RI ERWK Mϕ DQG %ϕ

LQ WKH FHQWUDO SDUW ZKHQ β EHFRPHV KLJKHU WKDQ β
F
≈����� )RU D VHOHFWHG JHRPHWU\ WKH YDOXHV RI β

F
ZHDNO\ GHSHQG

RQ RWKHU SDUDPHWHUV� 7KH GLIIHUHQW β YDOXHV DQG FRUUHVSRQGLQJ SURILOHV FRXOG EH DFKLHYHG E\ DGMXVWLQJ VRPH

SDUDPHWHUV� 7KHUH H[LVW FULWLFDO YDOXHV RI SODVPD WHPSHUDWXUH DQG ELDV YROWDJH WR LQGXFH WKH WUDQVIRUPDWLRQ RI

FXUUHQW SURILOH PRGH� 7KH SURILOH RI λ µ
�
Mϕ�%ϕ LV QRQ�XQLIRUP LQ WKH SODVPD DQG D ODUJHU GHYLDWLRQ IURP IRUFH

IUHH VWDWHV DSSHDUV ZKHQ β EHFRPHV KLJKHU�

���,QWURGXFWLRQ

7KH� LGHD� RI� KHOLFLW\� LQMHFWLRQ� FXUUHQW� GULYH� LV� EDVHG� RQ� SODVPD� UHOD[DWLRQ� SURFHVVHV�� 7R

DYRLG� GHDOLQJ� ZLWK� WKRVH� FRPSOH[� WLPH�GHSHQGHQW� QRQOLQHDU� UHOD[DWLRQ� SURFHVVHV�� YDULDWLRQ

SULQFLSOHV�DUH�HPSOR\HG�WR�SUHGLFW�WKH�IHDWXUHV�RI�SODVPD�UHOD[DWLRQ��%DVLFDOO\��WKUHH�GLIIHUHQW

YDULDWLRQ�SULQFLSOHV�KDYH�EHHQ�XVHG�LQ�SODVPD�SK\VLFV��7KH�ILUVW�RQH�LV�WKH�PLQLPXP�PDJQHWLF

HQHUJ\�SULQFLSOH�GHYHORSHG�E\� -��%��7D\ORU� >�@��7KH�SULQFLSOH� OHDGV� WR� WKH� IRUFH�IUHH� SODVPD

HTXLOLEULXP�� ZKLFK� KDV� VXFFHVVIXOO\� UHSUHVHQWHG� UHYHUVHG�ILHOG�SLQFK� �5)3�� HTXLOLEULD�

+DPHLUL� DQG� %KDWWDFKDUMHH� >�@� SURSRVHG� WKH� PLQLPXP� HQWURS\� SURGXFWLRQ� SULQFLSOH�� 7KH

SULQFLSOH�RI�PLQLPXP�UDWH�RI�HQHUJ\�GLVVLSDWLRQ�ZDV�HPSOR\HG�E\�0RQWJRPHU\�DQG�3KLOOLSV

>�@��:DQJ�DQG�3KLOOLSV�>�@��%HYLU��&DORXWVLV�DQG�*LPEOHWW >�@��DQG�)DUHQJR�DQG�6REHKDUW >�@��7R

PDLQWDLQ� D� VWHDG\� VWDWH�� KHOLFLW\� PXVW� EH� LQMHFWHG� FRQWLQXRXVO\� WR� EDODQFH� WKH� KHOLFLW\

GLVVLSDWLRQ��'LUHFW�FXUUHQW��GF��KHOLFLW\�LQMHFWLRQ�FXUUHQW�GULYH�LV�RQH�RI�WKH�DWWUDFWLYH�PHWKRGV

GXH�WR�LWV�SRVVLELOLW\�RI�KLJK�HIILFLHQF\�>�@>�@��([SHULPHQWV�RQ�VPDOO�WRNDPDNV�ZLWK�GF�KHOLFLW\

LQMHFWLRQ�KDYH�EHHQ� FRQGXFWHG >����@��7KH� WRURLGDO� FXUUHQW� REWDLQHG� RQ� WKH�+HOLFLW\� ,QMHFWHG

7RNDPDN� �+,7�� >�@>��@� UHDFKHG� XS� WR� ���� N$�� 7KH�(),7� UHFRQVWUXFWHG� HTXLOLEULD� >��@� >��@

VKRZ� D� FRQVLGHUDEOH� FORVHG� IOX[� RQ�+,7��2Q� WKH� WKHRUHWLFDO� VLGH�� )DUHQJR� DQG� 6REHKDUW� >�@

JDYH� D� SUHGLFWLRQ� RI� GULYHQ� FXUUHQW� DQG� PDJQHWLF� ILHOG� SURILOH� E\� HPSOR\LQJ� WKH� PLQLPXP

GLVVLSDWLRQ�SULQFLSOH�LQ�DQ�LQILQLWH�OHQJWK�VWUDLJKW�SODVPD��$Q�DQDO\VLV�RI�WKH�UHOD[HG�VWDWH�IRU

FRD[LDO� KHOLFLW\� LQMHFWLRQ� FXUUHQW� GULYH� LQ� WRURLGDO� SODVPDV� DQG� D� JRRG� DJUHHPHQW� ZLWK� WKH

H[SHULPHQWV� DUH� JLYHQ� E\� =KDQJ� HW� DO�� >��@�� ,Q� WKLV� SDSHU�� GLIIHUHQW� SODVPD� FXUUHQW� SURILOHV

GULYHQ�E\�FRD[LDO�GLUHFW�FXUUHQW�KHOLFLW\� LQMHFWLRQ� LQ�D� ORZ�DVSHFW�UDWLR� WRURLGDO�FRQILJXUDWLRQ



DUH� LQYHVWLJDWHG� E\� DSSO\LQJ� DQDO\WLFDO� DQG� QXPHULFDO� PHWKRGV�� 7KH� DQDO\VHV� LQGLFDWH� WKDW

FXUUHQW� SURILOH�PRGHV� DUH�PDLQO\� GHFLGHG� E\� /DJUDQJH�PXOWLSOLHU�β�� 7KUHH� GLIIHUHQW� W\SLFDO
FXUUHQW�SURILOHV�DUH�REWDLQHG�LQ�GLIIHUHQW�UDQJHV�RI�β��(DFK�SURILOH�FDQ�EH�UHDOL]HG�E\�DGMXVWLQJ
VRPH�FRQWUROODEOH�SDUDPHWHUV�

���3K\VLFDO�0RGHO

� � � � $� ORZ�DVSHFW�UDWLR� WRNDPDN� ZLWK� 5 ���P�� D ���P� DV� VKRZQ� LQ� )LJ�� �� LV� XVHG�� 7KH

ERXQGDU\� VKDSH� LV� DVVXPHG� WR�EH� D� VTXDUH� DQG� WKH�YHUWLFDO� KHLJKW�RI� WKH�YHVVHO� LV� K ����P�

7KLV�LV�D�VLPSOLILHG�YHUVLRQ�RI�WKH�+,7�GHYLFH��$��%��&�DQG�'�IRUP�WKH�FRQWDLQHU��$�DQG�&�DUH

HOHFWURGHV��%� DQG�'� DUH� LQVXODWRUV��&� FRQVLVWV� RI�&���&�� DQG�&���$� ELDV� YROWDJH� LV� DSSOLHG

EHWZHHQ� $� DQG� &�� KHOLFLW\� LV� LQMHFWHG� FRQWLQXRXVO\� WR� EDODQFH� WKH� KHOLFLW\� GLVVLSDWLRQ

∫ ⋅=
9

%LQM G%M9 τηφ ��ZKHUH�φ%�LV�WKH�SRORLGDO�IOX[�WKURXJK�ERXQGDU\�$��η�LV�UHVLVWLYLW\��9LQM�LV�WKH

ELDV� YROWDJH��:LWK� WKH�*DXVV� WKHRUHP� DQG� KHOLFLW\� EDODQFH� DV� WZR� FRQVWUDLQWV�� WKH� YDULDWLRQ

IXQFWLRQ�LV [ ] ∫∫∫∫ ⋅∇−⋅+⋅−=
999

G%G%G%MGM: τγσϕτηβτη � � � � � � � � � � � ���

:LWK�D�YDULDWLRQ� �=:δ ��ZH�JHW�WKH�(XOHU�/DJUDQJH�HTXDWLRQV�LQ�F\OLQGULFDO�FRRUGLQDWH
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:KHUH ( )( ) ϕϕϕψ H%HU% +×∇= �� �� ψ �LV�SRORLGDO�PDJQHWLF�IOX[��β�LV�/DJUDQJH�PXOWLSOLHU�

(OHFWULF�SRWHQWLDO�LV�VXSSRVHG�WR�VDWLVI\�WKH�/DSODFH�HTXDWLRQ��7KH�QRUPDO�FXUUHQW�GHQVLW\�LV

MQ �(Q�ηHG��ηFG�LV�WKH�HIIHFWLYH�UHVLVWLYLW\�LQ�WKH�ERXQGDU\�OD\HU��MQ ��RQ�LVRODWRU�OD\HUV�%�DQG�'�

2Q�ERXQGDULHV�$��&���∂%ϕ�∂]� ��MU��RQ�ERXQGDULHV�%��'�
&��&���∂�U%ϕ��∂U� �UM]��$�QDWXUDO�ERXQGDU\�FRQGLWLRQ
MϕE� β%ϕE���IURP�YDULDWLRQ�LV�JLYHQ�

���$QDO\WLFDO�DQG�1XPHULFDO�5HVXOWV

���� $QDO\WLFDO� Mϕ 6ROXWLRQ� RI� (XOHU�/DJUDQJH

(TXDWLRQV

7DNLQJ�M¹LQWR�WZR�SDUWV��ZH�KDYH�WKH�Mϕ VROXWLRQ�RI

(XOHU�/DJUDQJH�HTXDWLRQV�DV�WKH�VXP�RI�WZR�FRQYHUJHQW

LQILQLWH�VHULHV

( ) ( )]U]UM �� �� ΨΨ +=ϕ � � ����� � � � � � � � � � � � � � � )LJ� ��&RQILJXUDWLRQ RI D ORZ�DVSHFW�UDWLR WRNDPDN
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3P��4P��FQ�DQG�GQ�DUH�REWDLQHG�E\�DSSO\LQJ�WKH�ERXQGDU\�FRQGLWLRQV�

)URP� WKH� ERXQGDU\� FRQGLWLRQV� MϕE �β���%ϕE� DQG� WKH VROYLQJ� SURFHVV�� ZH� ILQG� WKDW� IRU� D

VHOHFWHG�JHRPHWU\�WKH�VROXWLRQ�RI�Mϕ�FDQ�EH�HDVLO\�H[SUHVVHG�DV��β���)�β��9LQM�ηHG��%9��U��]���7KHQ

WKH�WRURLGDO�PDJQHWLF�IOX[�GHQVLW\�FDQ�EH�ZULWWHQ�DV�WKH�VXP�RI�WZR�SDUWV��%ϕ �)�β��9LQM�ηHG��%9�

U�� ]����)����9LQM�ηHG��%9�� U�� ]�����ZKHUH� WKH� ILUVW� WHUP�VDWLVILHV�(T�� ��E��DQG� D�ERXQGDU\�YDOXH

%ϕE����ZKLOH�WKH�ODWWHU�SDUW�VDWLVILHV�WKH�FRUUHVSRQGLQJ�KRPRJHQHRXV�HTXDWLRQ�DQG�D�ERXQGDU\

YDOXH�%ϕE���

� �

����/DJUDQJH�0XOWLSOLHU�β�DQG�7KUHH�7\SLFDO�&XUUHQW�3URILOHV

7KH� VFDQ� RI� SDUDPHWHUV� IRU� WKH� VROXWLRQ� VKRZV� WKDW� FXUUHQW� SURILOH� PRGHV� DUH� PDLQO\

GHFLGHG�E\�/DJUDQJH�PXOWLSOLHU�β��6RPH�FULWLFDO�YDOXHV�RI�βF�DUH�IRXQG��ZKLFK�ZHDNO\�GHSHQG

RQ�9LQM�ηHG�DQG�%Y��7KH�VDPH�PRGH�RI�SODVPD�FXUUHQW�SURILOH� LV�REWDLQHG�LQ�RQH�β� UDQJH�DQG
TXLWH�GLIIHUHQW�FXUUHQW�SURILOHV�DUH�REWDLQHG�LQ�GLIIHUHQW�β�UDQJHV��2XU�UHVXOWV�VKRZ�WKDW�WKUHH
W\SLFDO�FXUUHQW�SURILOHV�H[LVW�LQ�GLIIHUHQW�UDQJHV�RI�β�YDOXHV��7KH�HTXDWRULDO�SODQH�FXUUHQW

)LJ� �� 7\SLFDO PLG�SODQH Mϕ )LJ� �� 7\SLFDO PLG�SODQH Mϕ )LJ� � 7KH PLG�SODQH SURILOHV RI Mϕ �VROLG

SURILOH IRU ORZ EHWD YDOXHV� SURILOH IRU β ���� ���� OLQH� DQG %ϕ �GDVKHG OLQH� IRU β �����
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SURILOHV�IRU�D�VHW�RI�SDUDPHWHUV�9LQM ����9��ηHG ���×���� ΩP�DQG�%9 ����7�DUH� LOOXVWUDWHG� LQ

)LJV� ����� 7KH� ILUVW� NLQG� GLVWULEXWLRQ� IRU� β����� DV� VKRZQ� LQ� )LJ�� �� LV� D� W\SLFDO� VWDWH� LQ� WKH
SUHVHQW�H[SHULPHQWV�RQ�+,7��1XPHULFDO�VLPXODWLRQ�LQGLFDWHV�WKDW�WKH�NH\�IHDWXUHV�VXFK�DV�WRWDO

WRURLGDO� GULYHQ� FXUUHQW�� FXUUHQW� LQ� FORVHG� ILHOG�� FXUUHQW� GHQVLW\� SURILOH�� DQG� PDJQHWLF

FRQILJXUDWLRQ�DJUHH�ZHOO�ZLWK�H[SHULPHQWV�RQ�+,7�DQG�LQ�WKLV�FDVH�β ������7KH�VHFRQG�NLQG
IRU�������β��������LQ�)LJ����VKRZV�D� W\SLFDO� IRUP�IRU�JHQHUDO� WRNDPDNV��0XFK�ODUJHU�GULYHQ

FXUUHQWV�WKDQ�WKH�ILUVW�FDVH�DUH�H[SHFWHG��7RWDO�GULYHQ�FXUUHQWV�DUH������N$�DQG�������N$�IRU

β ����DQG�β ����UHVSHFWLYHO\��7KH�ILUVW�NLQG�WUDQVIHUV�FRQWLQXRXVO\�WR�WKH�VHFRQG�NLQG�ZKHQ�β
LQFUHDVHV� XS� WR� D� YDOXH� DURXQG� ����� EXW� WKH� GLVWULEXWLRQ� FKDQJHV� YLROHQWO\�� OLNH� D� SKDVH

WUDQVLWLRQ��ZKHQ�WKH�β�YDOXH�FKDQJHV�IURP�EHORZ�D�FULWLFDO�βFa�����WR�DERYH�LW��%RWK�Mϕ�DQG�%ϕ

LQ�WKH�FHQWUDO�SDUW�DUH�UHYHUVHG�ZKHQ�β�LV�KLJKHU�WKDQ�βF≈������7KHLU�UHYHUVLRQ�SRLQWV�DUH�TXLWH
FORVH�WR�HDFK�RWKHU�ZKHQ�β�LV�QHDU�βF��:H�KDYH�QRW�FRQVLGHUHG�WKRVH�β�YDOXHV�ODUJHU�WKDQ������

����'HSHQGHQFH�RI�β�YDOXH�RQ�H[SHULPHQWDO�SDUDPHWHUV

� � � � )RU� D� VHOHFWHG� JHRPHWU\�� WKH� YDOXHV� RI� βF� DUH� ZHDNO\� GHSHQGHQW� RQ� H[SHULPHQWDO

SDUDPHWHUV�� +RZHYHU� GLIIHUHQW� β� DQG� WKH� FRUUHVSRQGLQJ� SURILOHV�� DV� ZHOO� DV� GULYHQ� FXUUHQW
YDOXHV��FDQ�EH�DFKLHYHG�E\�DGMXVWLQJ�SDUDPHWHUV�OLNH�9LQM��η��ηHG��%9��DQG�FXUUHQWV�RI�ELDV�FRLOV�

7ZR�H[DPSOHV�IURP�QXPHULFDO�VLPXODWLRQ�DUH�SUHVHQWHG��7KH�ILUVW�KDV�EHHQ�VKRZQ�LQ�)LJV�����

LQ� ZKLFK� WKH� VDPH� SDUDPHWHUV� DUH� WDNHQ� H[FHSW� IRU�η ���×����ΩP� LQ� )LJ�� ��� ���×�����ΩP�

���×�����ΩP�LQ�)LJ����DQG�����×�����ΩP�LQ�)LJ�����&RUUHVSRQGLQJ�HOHFWURQ�WHPSHUDWXUH�YDOXHV

DUH������H9��������H9��������H9�DQG�������H9�IRU�=HII ���,W�LV�VKRZQ�LQ�)LJ����WKDW�SODVPD

WHPSHUDWXUH�LV�KLJKHU�LQ�D�KLJKHU�β�VWDWH��HVSHFLDOO\�D�UHYHUVHG�ILHOG�VWDWH��7KH�VHFRQG�H[DPSOH
LV�� DV� WKH� UHVXOW� RI�DGMXVWLQJ�9LQM�ZLWK�RWKHU�SDUDPHWHUV�NHSW� WKH� VDPH� �η ����×�����ΩP�DQG

ηHG ���×�����ΩP��VKRZQ�LQ�)LJ����7KH�UHOD[HG�VWDWH�ZLWK�KLJK�β�ZLOO�EH�REWDLQHG�E\�DSSO\LQJ
D�KLJK�9LQM�� )URP�)LJ�� �� DQG�)LJ�� ��ZH�FDQ� VHH� WKDW� WKHUH� H[LVW� FULWLFDO� WHPSHUDWXUH� DQG�9LQM

YDOXHV�WR�LQGXFH�WKH�WUDQVIRUPDWLRQ�RI�FXUUHQW�SURILOH�PRGH�

����'HYLDWLRQ�DZD\�IURP�IRUFH�IUHH�VWDWHV

7KH�SURILOH�RI�λ µ�Mϕ�%ϕ� LV�QRQ�XQLIRUP�LQ�WKH�SODVPD�DQG�D�ODUJHU�GHYLDWLRQ�IURP�IRUFH

IUHH�VWDWHV�DSSHDUV�ZKHQ�β�EHFRPHV�KLJKHU� ,Q�GLIIHUHQW�β�UDQJHV�WKH�SODVPD�UHOD[HV�WR�GLIIHUHQW

)LJ� �� 'HSHQGHQFH RI β�RQ 7H� VKRZLQJ WUDQVIHU WR )LJ� �� 'HSHQGHQFH RI β�RQ 9LQM� VKRZLQJ WUDQVIHU WR
UHYHUVHG�ILHOG VWDWH DW FULWLFDO 7H� UHYHUVHG�ILHOG VWDWH DW FULWLFDO 9LQM
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VWDWHV��7KH�VHFRQG�WHUP�)����9LQM�ηHG��%9��U��]����RI�%ϕ�LV�DOZD\V�D�GHFUHDVLQJ�IXQFWLRQ�RI�UDGLXV

U��VLPLODU�WR�WKDW�VKRZQ�LQ�)LJ�����ZKLOH�WKH�ILUVW�WHUP�LV�LQ�SURSRUWLRQ�WR�Mϕ��6R�IRU�ORZ�β�YDOXHV�
WKH�SODVPD�GULIWV�DZD\�IURP�WKH�IRUFH�IUHH�VWDWH�ZHDNO\��EXW�GHYLDWHV�TXLWH�D�ORW�IURP�LW�ZKHQ

WKH�β�YDOXH�LQFUHDVHV�
� � � � �

���6XPPDU\

$Q�DQDO\VLV� IURP� WKH�PLQLPXP�HQHUJ\�GLVVLSDWLRQ�SULQFLSOH� IRU� D� SODVPD� UHOD[HG� VWDWH

GULYHQ�E\�KHOLFLW\� LQMHFWLRQ�LV�SUHVHQWHG��'LIIHUHQW�FXUUHQW�SURILOH�PRGHV�DUH�PDLQO\�GHFLGHG
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