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Abstract.  This paper describes the modeling of the feedback control and rotational stabilization of the resistive
wall mode (RWM) in tokamaks. A normal mode theory for the feedback stabilization of the RWM has been
developed for an ideal plasma with no toroidal rotation. This theory has been numerically implemented for
general tokamak geometry and applied to the DIII-D tokamak. It is found that feedback with poloidal field
sensors is superior to feedback with radial field sensors. The strength of the RWM that can be stabilized for a
series of DIII-D equilibria are quantified. A general formulation is further developed for the feedback
stabilization of tokamak with toroidal rotation and plasma dissipation. It has been used to understand the role of
the external resonant field in affecting the plasma stability and compared with the resonant field amplification
phenomenon observed in DIII-D. The effectiveness of a differentially rotating resistive wall in stabilizing the
RWM has also been studied numerically. It is found that the maximum flow speed required is quite modest for a
resistive wall with a long resistive wall time constant. It is orders of magnitude smaller than the required  speed
of plasma rotation. For a noncircular tokamak, a wide range of flow patterns have all found to be effective. The
structure of the resistive wall mode predicted from ideal MHD theory has been compared with signals from
various diagnostics. Simulation of the stabilization of the RWM in ITER-FEAT has been studied by using the
MARS code coupled with the ONETWO transport code. It is also projected that 33 MW of negative neutral
beam injection will be able to sustain plasma rotation sufficient to stabilize the RWM without relying on
feedback.

1.  Normal Mode Approach [1] to Feedback Stabilization

A practical tokamak fusion reactor must operate at high beta normal and high current [2].
This requires steady-state operation of the tokamak above the no wall βN limit with sustained
stabilization of the resistive wall mode (RWM) [3]. Plasmas in future reactors are expected to
rotate with negligible rotation speed. Feedback stabilization of plasmas with no or negligible
rotation is therefore of particular interest. In this case, the plasma dynamics is determined by
a set of normal modes. The behavior of the feedback can then be prescribed completely from
the properties of the normal modes.

Central to this approach is the consideration of the quadratic energy functional of the
perturbed plasma displacement ξ in the plasma and the perturbed magnetic fields δB in the
outside “vacuum” region:

δWp + δWv + Dw + δEc = 0   . (1)

In Eq. (1), δWp  is the perturbed plasma potential energy, δWv  the perturbed vacuum energy,
Dw the dissipation energy in the resistive wall, and δEc the energy exchange between the
feedback coil and the plasma resistive wall system. During the open loop operation δEc = 0,
Eq. (1) is self-adjoint and determines a set of normal modes, {ξi, δBi}, with growth rates {γi}
and with Dw  being the norm. This is an energy principle extended from that of the usual
ideal MHD energy principle using Dw  as norm replacing the plasma kinetic energy. Only one
of these normal modes (the RWM) has been found to be unstable. The rest are stable
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(damped) modes in which the resistive wall provides the dissipation. During the closed loop
operation, the feedback currents and δEc are non-zero and the requirement of Eq. (1) then
determines that the amplitude of the normal modes {α i} are determined by

∂α i
∂t

 −  γiα i = Ei
cIc    . (2)

In Eq. (2), Ei
c  is the excitation matrix which describes the excitation of the eigenmode ξi, δBi

by the feedback current Ic. The circuit equations for the currents Ic incorporate the feedback
logic

∂Ic
∂t

 +  
1

τc ′c
I ′c = Gcl Fli α i( )   . (3)

In Eq. (3), τc ′c  is determined by the self and mutual inductances of the coils, Fli is the sensor
matrix which measures the magnetic fluxes induced by the eigenmodes in the sensor loop l,
and Gcl is the gain matrix. The stability of the feedback is completely described by Eq. (2)
and (3) above and the closed loop feedback problem is reduced to a small set of coupled
lumped circuit equations. This set of equations is, in general, non-self-adjoint. For feedback
with a single array of sensors and a single array of feedback coils the stability may be studied
by using the method of Nyquist diagram [4], and for multiple sensor arrays and multiple
feedback coils the characteristic equations of Eqs. (2) and (3) have to be solved.

This approach has been applied to the DIII-D
geometry shown in Fig. 1, with up to three bands
(central midplane, upper, and lower ) of external
feedback coils. Shown in Fig. 2(a) is the Nyquist
diagram for the stability of a set of equilibria with
different βN. For this set of equilibria, the plasma
(which has not been optimized for its β value) is
stable with no external wall at βN = 2.0 and stable
with the DIII-D wall infinitely conducting at βN =
2.6. The curves are symmetric with respect to the
horizontal axis. Only the upper half of each curve is
shown. The Nyquist theorem demands that for
plasma stability, the locus of the stability curve has
to encircle the point (–1, 0). It is observed that the
curves for βN = 2.06 and 2.13 encircle (–1, 0),
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Fig. 1.  Schematic of plasma, resistive wall,
sensor loops and external feedback coil
location in the poloidal cross section.
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Fig. 2.  Nyquist diagrams of transfer functions for equilibria with different βN = (2.06, 2.13, 2.25, 2.4, 2.5). The
curves are symmetric to the horizontal axis. Only the upper half of the curves are shown. Stable equilibria have
curves which encircle (–1, 0). (a) Is for feedback with radial field sensors and (b) is for feedback with poloidal
field  sensors. It is seen that feedback with poloidal field sensors is much more effective than with radial field
sensors.
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showing that at these lower values of βN the RWM is stabilized. Equilibria at higher βN
values are not stabilized. This is due to the coupling by the radial sensors of signals from the
stable modes. Shown in Fig. 2(b) is the corresponding Nyquist diagram for feedback using
poloidal field sensors. All the curves encircle (–1, 0), showing that the RWM is stabilized.
This is due to the effective decoupling of the sensor signal and the non-detection of the
perturbed radial magnetic field from that due to the stable modes. The effectiveness of using
the radial sensors is studied further by using the method of solving the characteristic
equations, with results summarized in Fig. 3. The strength of the RWM (growth rate
normalized by the inverse resistive wall time, γτw, in absence of feedback  and indicated by
the curve which points to the scale on the right) for this set of equilibria is shown to be a
strongly increasing function of plasma β. It is found that using the upper and lower bands of
feedback coils can provide a substantial additional stabilization effect to the RWM. Using the
radial sensors at the central midplane only, the strength of the RWM that can be stabilized is
computed to be around γτw = 1. Together with the two upper and lower off-midplane bands,
the strength of the RWM that can be stabilized (f=1) is up to a factor of 30 stronger. On the
other hand, using the upper and lower bands only without the central band will limit the
strength of the RWM that can still be stabilized to γτw = 5.

2. RWM Feedback With Inclusion of Plasma
Rotation and Dissipation

In experiments in DIII–D, plasma rotation and
dissipation have been found to stabilize the RWM
even in the absence of feedback [5,6,7]. The nature
of this dissipation has yet to be determined. Thus, it
is important to have a formulation for studying the
feedback stabilization in a plasma with rotation and
dissipation. Here, we report on the continuation of
the formulation that was set out in our previous
work [8], taking into account our success from the
normal mode approach. We note that the plasma
dynamics relates the perturbed plasma magnetic
field at the plasma boundary Bp to the complex
Poynting flux Sp  across the plasma vacuum
interface.

The energy and momentum conservation across the
plasma vacuum boundary allows us to relate Bp Bw,
the perturbed magnetic field at the resistive wall,
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Fig. 3.  Effectiveness, f, of different feedback
coil and radial sensor arrangements in sta-
bilizing the plasma versus β; f is a measure
of the completeness of suppression of the
RWM normalized between f = 0 (no sup-
pression) and f = 1 (complete suppression).

Bp = −1
δWIw +iΩD

Cpw Bw    . (4)

In Eq. (4), δWIw is the perturbed energy for the ideal wall case, D is the dissipation matrix,
and Cpw the reluctance matrix. From our previous work [8], we know that the magnetic
perturbation on the resistive wall is driven by both the perturbation on the plasma surface and
the external coil,

τw
∂Bw
∂t

+ MBw = Cwp Bp −Cwc Ic    . (5)

Cwp and Cwc are the corresponding reluctance matrices. Substitution of Eq. (5) into Eq. (4)
gives a general equation for the excitation of the RWM by the external coils,
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τw
∂Bw
∂t

+ M +Cwp
1

δWIw +iDΩ
Cpw









 Bw = − Cwc Ic   . (6)

In this equation we see that the dissipation on the wall, which is characterized by τw, and the
dissipation in the plasma, which is characterized by iD, are described by different matrices.
Also, the energy and the dissipation matrices are expected to be quite different and may not
be diagonalized by the same eigenfunction. Without the external current, the behavior of the
system is determined by the homogeneous equation with Ic = 0 in Eq. (6).

On the other hand, an external resonant field that is provided by the current source Ic will
give rise to a response on the wall given by the solution of Eq. (6) with ∂Bw/∂t = 0. If we
assume that for the unstable mode, all the matrix elements can be approximated by constants,
we obtain the following “lumped parameter” equation

τw
∂Bw
∂t

+ M
1
A

Bw = − Cwc Ic    , (7)

where A is the “amplification factor” [9]. Note that A = 1 in the absence of plasma. In
cylindrical approximation, we may further write

A = δWIw +iΩD

δWnw +iΩD
    . (8)

δWnw is the total (plasma + vacuum) potential energy without the external wall. By assuming
reasonable behavior of this factor, the phase angle, the damping rate, and the amplitude of the
response during the resonant field amplification experiment have been compared with
experimental data [6] to show qualitative agreement. It is expected that a more detailed
comparison should include more geometrical factors and the dependence of δW and D on the
dissipation mechanism. We note that the present model only depends on the presence of a
plasma damping mechanism for the resistive wall mode without specifically specifying it. In
the future, we will utilize MHD codes such as MARS [10], with the inclusion of specific
damping effects, to determine the matrices δWIw + iDΩ and compare with experimental
observations.

3. Stabilization of the RWM With Nonuniform Wall Rotation, Mode Structure Study,
and Prediction for ITER-FEAT

The RWM arises because the plasma perturbation excites a coherent skin current pattern on
the resistive wall. This raises the question of whether a nonuniformly rotating wall with the
aim of destroying the coherency of the perturbed skin current is more effective. We note that
the present problem has been studied semi-analytically by Taylor et al. [11]. In their study,
they neglected the poloidal wavelength of the perturbation. The present study is performed by
modifying the MARS [10] code to allow a nonuniform toroidal rotation of the resistive wall.
The normal component of the magnetic field δBn on the resistive wall in this case is modified
to satisfy the relationship

∂δBn
∂t

+ inΩ lw( )δBn = n̂ ⋅ ∇ × δ B     . (9)

In Eq. (13), the toroidal rotation frequency Ω is a function of its poloidal location lw on the
resistive wall, and n̂  is a unit vector perpendicular to the resistive wall. We have applied the
study to a noncircular tokamak with a D shape with inverse aspect ratio R/a = 3. We have
found that the amount of shear flow required to stabilize the RWM is very small, with Ωτw ~
10. For present day experiments, this speed is a factor of 10 lower than the corresponding
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required plasma rotation speed. The flow speed has been found to scale inversely with the
resistive wall time, indicating that the main stabilization mechanism is the destruction of the
coherence of the mode structure of the penetrated flux. We have also found that stabilization
is enhanced by the plasma dissipation. We have also found that the stabilization can be
achieved by different flow patterns with comparable flow speeds. This is due to the fact that
the resistive wall mode in tokamaks at high β is essentially toroidal in nature, with the
toroidicity and pressure combining to couple neighboring poloidal harmonics.

The Mirnov fluctuation predicted from an ideal kink mode assumed to have penetrated the
resistive wall has been compared with that predicted using matched filter analysis including
the RWM and axisymmetric equilibrium motions [13]. The predicted electron temperature
fluctuation derived from the ideal kink is also found to agree with observed ECE fluctuation
at two times and two relative phases and amplitudes obtained from changes in Mirnov and
saddle loop signals [14].

The presence of the RWM in the DIII-D experiment is identified through detailed
comparison of the observed signals from the experiment with that anticipated from theory.
The presence of a sufficiently large external error field causes the plasma to lose angular
momentum and slow down. The plasma slowing resulting from these interactions is
calculated from experiment in order to perform realistic simulations of the development of
the RWM. For instance the uncorrected external error field has been found to cause
anomalous angular momentum loss to the plasma at a rate comparable to the plasma energy
confinement loss.

These comparisons are used as input for the simulation of RWM stability in the projected
ITER-FEAT [12]. An AT type ITER-FEAT discharge scaled up from DIII-D shot 106029
was analyzed for stability to the RWM. The scaled up discharge has density ~0.93 nGW with
βN H(89p) = 8.46, QDT =20.3, with 33 MW of 1 MeV tangential negative neutral beam
injection. Primary and impurity ion densities and (equal) electron and ion temperature
profiles were determined in such a way as to be consistent with the MHD equilibrium
pressure and the fast alpha and neutral beam stored energy densities. It is shown that 33 MW
of negative neutral beam injection is sufficient to maintain the central toroidal rotation speed
at 2×104 rad/s using ion power balance diffusivity for the momentum diffusivity. The
required central rotation speed for RWM stability is about 1.5×104 rad/s.
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