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Abstract. A theoretical framework for understanding the feedback mechanism against external MHD
modes has been formulated. Efficient computational tools – the GATO stability code coupled with a sub-
stantially modified VACUUM code – have been developed to effectively design viable feedback systems
against these modes. The analysis assumed a thin resistive shell and a feedback coil structure accurately
modeled in

�
, with only a single harmonic variation in � . An optimized configuration and placement of

the feedback and sensor coils as well as the time constants and induced currents in the enclosing resistive
shell have been computed for the DIII-D device. Up to 90% of the effectiveness of an ideal wall can be
achieved.

1. Introduction

Unstable external MHD modes are arguably the most important factor inhibiting the progress
towards stable advanced toroidal fusion reactor configurations. The presence of a conducting
shell surrounding the plasma can only slow the Alfvénic modes to the resistive decay time scale
( ��� ) of the shell. The instabilities then manifest themselves as “Resistive Wall Modes” (RWM).
They are, however, generally slow enough to allow judicious use of feedback mechanisms to
further suppress them in tokamaks [1–4] and reversed field pinches (RFP) [5]. Since reactor
grade RWMs cannot be easily stabilized by plasma flow [3, 4, 6], alternative means have be-
come a topic of vital importance. In advanced operation the modes are localized enough at
the large major radius side to simplify the spatial requirements of the feedback system [1, 2, 7].
Preliminary experiments showed promising results in temporarily postponing the RWM onset
with modest demands from an external feedback coil system [5,8].

With the inclusion of resistive wall and feedback circuits, the response of the external vacuum
region to a given plasma perturbation at the plasma surface is modified from that of a passive
vacuum. We present a new formulation of this interaction between the plasma and the vacuum
region in general toroidal geometry. In general, in contrast to ideal MHD, the present formula-
tion is non-self-adjoint and includes the necessary pressure balance, but there are idealized cases
which retain the self-adjoint property and can be treated by the GATO-VACUUM combination.
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2. The Magnetic Scalar Potential and the Perturbed Pressure

The VACUUM code uses Green’s second theorem and the free space Green’s function,
���������	��


,
to relate the magnetic scalar potential � to the fields of the surfaces. Using �� ����������� �� � �� � ,
where

�����
is normal to the vacuum surface in a coordinate system with
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%$'& ,
one can write after performing the integration in � ,( � �*)+
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=X� � � 
@����� � �Y" � � � . The solution for the plasma response, Z\[][ P , on an observer surface ^ to

the perturbed normal magnetic field
= [ P on each of the source surfaces ^ � enclosing the region,

expanded in a suitable set of basis functions has the form,� [ � � [I 
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The perturbed vacuum pressure is given byb c ��d " � � �fe �hg�ii � , d " � �d " � � ii �<j � a (3)

In general the continuity of both
=

and
b

must be satisfied at the interface so Eqs. (2) and (3)
give the requisite boundary conditions for stability codes such as MARS, NOVA or DCON. If
the feedback problem can utilize the energy principle in its extended form then the continuity
of
b

can be ignored. One such instance is described in this study.

3. The Feedback Components with a Resistive Shell

The upgraded VACUUM includes the effect of a resistive shell and contributions from feedback
coils and sensor loops. The fields on the shell,

= �
, in Eq. (2) can be eliminated in terms of the

perturbation
=3k

at the plasma surface. To this end, a thin shell is assumed with thickness l
and resistivity m , with the field

= �
assumed continuous and the shell current related to the jump

in � � .
= �

and the stream function n � of the shell current o � �p���q�r� n �ts ���vuw� � 

are

expanded in terms of solutions
e ` 8

of the vessel’s surface Laplacian equation obtained from the
application of Ampere’s and Faraday’s laws at the shell:= � � � 
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A�w����� c � [ "�m � [ e ` 8 � � ` 8 e ` 8 defines the set of expansion

eigenvectors and eigenvalues.

Upon coupling to the plasma and the external coils the surface current distribution is found to
be determined by a set of coupled time dependent equations. They can be viewed as a set of
L/R circuits of the normal magnetic field on the surface �= �`L� driven by the plasma perturbations= k` 4

and external feedback coils through �� ` � ,g��h� lm ii�� ,��� `L� j �= �`O� � _�` 4 �Z `O��` 4 ���X����
*= k` 4 u�� �� `L� � (5)



where the relation has been transformed to the space where the resistive wall response matrix�� ` �
of the discontinuity of � across the shell is diagonal. The feedback coil component �� arises

from the discontinuity of � in the integral involving
2

of Eq. (1). A choice of �� modeling the
coils of DIII-D is described below. The sensor component of the feedback is given by

�
, which

can be composed of contributions multiplied by a gain factor
�

from the relevant surfaces,
i.e.,
�w� � k�� ` 4 � k` 4 = k` 4 ,z� � � `O� � �`O� = �`L� if there are sensors located on the plasma and the shell.

This can be generalized for loops located away from surfaces by a further application of Green’s
second identity [7]. This set of equations is equivalent to [9] and reduces to that of [10] in the
cylindrical limit.

3.1 The Feedback Coil and Sensor Loops

The “window-pane” feedback coil of DIII-D can be modeled accurately in the poloidal angle,� , but only approximately by a single harmonic in � . A divergence-free representation for the
current o�� is through a current potential n�� � � � � 
 : o�� ������� � n�� s ��� u�� � 
 . Then
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suppressing the s ��� u/� � 
 factor. Here, ~ 
 � � 
7���X� � 
�� parameterizes the “shell” onto which the
coil is embedded. A representation for n � for the “window-pane” coils (the C-coils) is given
by n � � � � � 
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and width given by � � � E D!' is shown in a ( � – � ) projection in Fig. 1.

If the sensors measure the flux then for loops bounded by ~ � � & � � & 
7� � � � � � � 
*� at the plasma sur-
face, the flux ( k there is given in terms of a Fourier basis by,
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has a similar
functional form of � as that of the � dependence.

At the resistive shell the the flux through the sensors is similarly decomposed in terms of the
eigensolutions
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 of
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` � �64 ~ b � � � & � � � 
HD /}� 7 �*)�8- e `O� � � 
 �� a

With the inclusion of these sensor components, Eq. (5) becomes:_ ` P �:9 `O��` P � �= �` P � � _ ` 4<;
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where (8)
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4. The Plasma Surface Response

Eq. (8) gives the time dependent relation for the field on the shell in terms of the source plasma
perturbation. If we assume i D i��A@ B and setting �-� l D m � C� we can invert

9
and solve



explicitly for �= �` P � and use Eq. (2) with
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The vacuum energy can be then written as,B(	E � s
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Eq. (9) together with Eq. (3) and Eq. (11) when coupled with appropriate stability codes such
as NOVA, MARS, or DCON fully describe the feedback mechanism against external MHD
modes. A special case where only Eq. (11) is required is described in the next section.

Figure 1: The Feedback Coil Current. Figure 2: The Induced Current on the Resistive Shell.

5. Limiting Values: Checks for Consistency, and Idealized Feedback

Studies with the modified GATO-VACUUM have shown that the plasma reduces the time re-
sponse of the shell currents, � � , from  6 ms for a very small plasma to �� a�� ms for a fully
developed DIII-D plasma. The induced surface current pattern, Fig. 2, on the shell is not sig-
nificantly modified by the finite resistivity. Seven pairs of eigenmodes,

e �` , are sufficient to
accurately reproduce this pattern. This is to be compared with the results of [11, 12] and the
lumped circuit parameter approach of [10]. In the limits, B C� @ � and B C� @ %

, the code
accurately reproduces the perfectly conducting shell and no-wall results.

In a special situation, in which the plasma is surrounded by a resistive shell and a network of
‘(intelligent) flux conserving coils with

7 e � �^ � %
’ the feedback problem is still treatable

by ideal MHD. We use a restricted set of
e �` to correspond to the exclusion of magnetic flux

through varying poloidal segments of the DIII-D vessel. This would indirectly simulate the ef-
fect of the sensor-feedback system while keeping the self-adjoint property of the system and we
can ignore the terms involving the coil currents

� [ in Eq. (11). s
	 � depends on the coverage



Figure 3: s 	 � vs fractional length of poloidal coverage.

and the number of coil segments,
/ [ . The result of a GATO-VACUUM study is summarized in

Fig. 3. The curves there are labeled by the number
/ [ of segments which are all of equal lengths.

The figure shows that (a) poloidal coverage of the ex-
isting feedback coils is close to being optimum when
only one segment of the resistive shell is used for
feedback stabilization; with feedback, the shell can
be made to be 40% as effective as the ideal shell, (b)
increasing the number of segments to 6 or 7 and in-
creasing the poloidal coverage to 30% of the total cir-
cumference can make the resistive shell up to 90% as
effective as an ideal shell, (c) in the present study and
for the chosen equilibrium, mode deformation due to
feedback was not significant. The optimum effective-
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Figure 4: Dependence of optimum total

poloidal length and effectiveness on ��� .

ness defined by
��� � � s 	�� u s 	��
	�� 
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	 � u s
	��	�� ), and coverage vs. number of

segments
/ [ is tabulated in Fig. 4. Here, s
	�� � s 	 k , s 	 � .
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