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In recent experiments on Alcator C-Mod [1], measurements of density fluctuations with Phase Con-
trast Imaging through the plasma core show a second harmonic of the basic Alfvén Cascade (AC)
signal. The present work describes the perturbation at the second harmonic as a nonlinear sideband
produced by the Alfvén Cascade eigenmode via quadratic terms in the MHD equations.

1. Introduction

Alfvén Cascades have been observed in reversed shear operation of JT-60U [2], JET [3], and
TFTR [4], and they are interpreted theoretically as shear Alfvén eigenmodes localized around
the minimum ¢ surface [5][6], where ¢ = ¢,. The eigenmode frequency w is slightly higher
than the local maximum of the Alfvén continuum, wam,, = kjva = (m — ng.)va/Rq.. In
recent experiments on Alcator C-Mod, [1], measurements of density fluctuations with Phase
Contrast Imaging through the plasma core show a second harmonic of the fundamental AC
perturbation. The aim of the present work is to evaluate the second harmonic density pertur-
bation produced by a given AC eigenmode via nonlinear terms in the momentum balance and
continuity equations. For the sake of simplicity, the analysis will be limited to the case of a
plasma with low-pressure (G = 0) and large aspect ratio (¢ < 1), for eigenmodes with large
poloidal mode number (m > 1).

To be able to interpret the laser interferometric measurements conclusively, one has to
consider the specific laser path and estimate the nonlinearities introduced by the measurement.
These measurement-specific aspects require additional investigation, and will be addressed in
a future publication.

The second harmonic perturbation at 2w is nearly resonant with the 2m, 2n branch of the
Alfvén continuum waaum 2,,. The resulting enhancement of the second harmonic is counteracted
by the relatively weak non-linearity of the shear Alfvén wave. For shear Alfvén perturbations
in a uniform equilibrium magnetic field, the quadratic terms [47p(v - V)v and (B - V)B]
tend to cancel in the momentum balance equation . For this reason, extreme care is needed to
properly include magnetic curvature effects and to evaluate the coupling between shear Alfvén
perturbations and compressional perturbations.

2. The Structure of the Problem

The AC mode is dominated by a single poloidal component in the Fourier representation of the
perturbation. This part of the mode structure is known from linear theory (see Refs. [5] and
[6]), and is assumed to be given. The main part of the plasma displacement in an AC mode is
incompressible, which points to the need to keep track of small compressional displacements
in both linear and nonlinear calculations of the perturbed density. Coupling between different
plasma displacement components (or equivalently, plasma velocity components) is determined
by the momentum balance equation. Once all relevant perturbed velocities are derived for both
the first and second harmonics, the density perturbation can be calculated via the continuity
equation.
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Let all quantities X (which can stand for magnetic field B, velocity v, density p, etc.) be
represented as

X:X0+ZXZ+C.C., 1)
=1
where X, is the equilibrium part, and X; o< exp(—liwt) are the perturbed parts. \We assume
that X, > X; > X, for [ # 1, which prevents any nonlinear feedback from the 2w perturba-
tion to the fundamental mode at the basic frequency w.
The plasma velocity has three degrees of freedom, which can be represented by three scalar
functions &, ®, and ¥ through

) b ) 1 )
v=¢Ebyg+ — x VO + —V 0, )

where By, is the magnitude and bg the direction of the equilibrium magnetic field, and an
overhead dot denotes a partial time derivative. Through this representation, one can distinguish
between the acoustic (£), shear (P), and compressional (¥) velocity perturbations. Generally,
in a first-order perturbation analysis of a uniform plasma with straight magnetic field lines,
® corresponds to the scalar potential and W is related to the perpendicular component of the
vector potential, provided that a suitable gauge is chosen. In a curved magnetic field with
second-order perturbations taken into account, this physical interpretation of the potentials is
no longer valid; nevertheless, it is still possible to use the velocity representation of Eq. (2).
It should be pointed out that plasma pressure effects on Alfvén Cascades are limited to the
lowest frequencies of their sweeping interval [7]. The AC is virtually insensitive to plasma
pressure in the rest of its frequency interval, which allows us to treat that part in the zero-
pressure limit neglecting the plasma pressure in the perturbed momentum balance equation. It
is convenient to apply the time derivative operator to the momentum balance equation, after
which the first and second harmonic components of the momentum balance equations become

47Tp0\“/1—(v><B0) X V X [Vl XBQ] —(VXVX [Vl XB()]) XBOZO, (3)

47Tp0\../2—(VXB0)XVX[VQXBQ]—(VXVX[VQXBQ])XBQZ
= (VxBg) xVx[vi xBq]+(VxV x[vi xBy]) x By +

9 .
+§ {—47Tpo(V1 V)vi+ (By - V)By —dmp vy — §V(B1 ’ Bl)} ) (4)

where B; = V x [vi x Bg]. The right-hand side of Eq. (4) contains all quadratic terms in
v1, which represent a driving force determining the second harmonic velocity v, through the
linear operator on the left-hand side.

The vector equations (3) and (4) can each be split up into three scalar equations by applying
the three operations

by - {Eq. 30r4},

V - (bg/By x {Eq. 3 0or4}),

V- (1/By{Eq. 30or4} ). (5)
which produce the acoustic, vorticity, and compressional equations, respectively. This trans-
forms Egs. (3) and (4) into six equations, which can be written symbolically as

Eq.3) < L'*=0, (6)

Eq.(4) & L**=5°, (7)
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where the superscript « = a, v, and c indicates the acoustic, vorticity, and compressional
equations, respectively. Equations (6) and (7) can be written as sums over contributions from
the different velocity components,

L= Y L L= Y I s > oS ®)

Z'=‘:I>1,\I’17§1 i:q>27\p27£2 ivj:¢17\1117£1

For example, S§ ., represents the parallel projection (i.e., acoustic component) of the terms
on the right-hand side of Eq. (4) that are bilinear in ®; and ¥,. We do not distinguish between
different orders of the two indices i and j (e.9. S5, ¢, = S5,4,)- Equations (6) and (7) will be
examined in detail in the following Sections, and the dominating contributions to the second
harmonic density perturbation p, will be identified.

The density perturbation is related to v; and v, by the first and second harmonic compo-
nents of the continuity equation

pp = —V- (pon), (9)
pa = =V -(p1vi) =V (pova). (10)

The first term on the right-hand side of Eq. (10) is generated by the nonlinearity of the conti-
nuity equation, while the second term is generated by nonlinearities in the momentum balance
equation (4). The density p, can also be written in terms of the partial contributions from &;,
Oy, Uy, &, Oy, and Uy as

P2 = pazt puz t Pt pow, T poe + puie + pe + pa, + Pus (11)

The first six of these contributions to the density perturbation come from the first term in
Eqg. (10), and the last three contributions come from the second term.

3. First Harmonic Velocity Perturbation

The first harmonic equations are

L = L& = —4dmpw?&y = 0, (12)
Llc — L}I/C +Lclpc —
1
==V B (VV - (BoVY) + [(VF - V)By — (By - V)V x Bg) =0, (13)
0
2
1
LV =Ly =V- (“:—2%@1) + (B - V)ﬁv (B3V_F)) —V?’By-VF, =0, (14)
A 0

where F; = by/By - V. Because of the 5 = 0 assumption, Eq. (12) immediately yields
& = 0, which implies that p2 = pu,e, = pae, = 0. Furthermore, Eq. (13) can be used
together with (B, - V) ~ k| ~ 1/(Rq), to obtain the estimate

—— P, (15)
q

which yields
m® po o, L po oo

Pcbl\mf\“mgg 1 pW%NRTffg 1- (16)
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Let us now review the eigenmode analysis for Alfvén Cascades to establish the radial
profile ®, of the shear perturbation ®; = &, (r)e'"»=m0=1) where d®,/dr ~ m/r. The
eigenmode equation for &, (r) follows from Eqg. (14) and takes the form

1d di)l m2~
——\|\rD— ) — —=®: D=0 17
rdr <T dr ) rz ot ’ (17

where D = w?/va — léﬁ, and a bar denotes a flux surface average.

Equation (17) is oversimplified because it does not include the hot ion contribution and
higher-order toroidal corrections. The reason why these additional terms are essential is that
they shift the eigenmode from the Alfvén continuum. In what follows, we add these terms to
Eqg. (17), taking their explicit form from Ref. [6]. We also introduce a normalized coordinate
z = (r — ro)m/ro and Taylor expand k; around the zero shear point » = r, where the AC is
located. After these steps, we find the amended Eq. (17) to be
%(S + $2)% — (S + $2)(I)1 + Q1q>1 = O, (18)

where

2(w — wa)wa mq,  R2¢?

S

(19)

2 201 )
Ua riq, T — NGy

and the coefficient (), describes the effects of hot ions and toroidicity in the same way as in
Ref. [6], i.e.,

2 P2 = !
_ — 2 Q*R qx @ _t dphot 27716*(6* + QA*)
Q1 = CQnot + Qror = WA@%(m — nq*) r2q7 (WA ( o dr )T:T* + = 4(m — qu*)z .

(20)
In this expression, ppe IS the hot ion density and A is the Shafranov shift. As shown in
Refs. [5] and [6], @ has to be greater than 1/4 for an eigenmode to exist. By introducing a
new unknown function G (z) = ®;(z)v/S + 22, and using a variational approach with the
ansatz G; = Aexp(—2?/(2a?)), we obtain for Q; = 1 the following approximate solution:
a = 1.247 and S = 0.0983. This result agrees with the lowest order radial eigenmode found
in Ref. [5].
Now we are in a position to estimate the ®; contribution to p, through the quadratic non-
linearity in the continuity equation,

b b m?
Pz = ({ﬁ; X V@l] -v) [pOch : (v X gi)] ~ @g—%qﬁ. (21)
The estimates in Egs. (16) and (21) show that pg2 > py2, pe,v, -
4. Second Harmonic Velocity Perturbation
The acoustic equation Lz = S2, 4+ 5§, has the form
2w)? 1 V- (ByVVY
(v2) & = 552 (bo - V) [B3VFE, -VF|] —bg - (Vl$ x VF). (22)
A 0 0

The low [ assumption does not allow us to discard &, immediately (as we did with &;), since
second harmonic parallel velocity perturbations can arise from the nonlinear ponderomotive
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force (not associated with plasma pressure). Straightforward estimates of the two terms on the
right-hand side of Eq. (22) give

m? @2 m?®  po
~ TQRQFg = Pey ™~ T2R2q2§02q)1
These estimates show that &, can safely be neglected in calculating the perturbed density.

The second harmonic compressional Alfvén wave equation reduces to L + L3 = S, +

1
S%,w,- 1T we make an assumption that L3’ ~ L% we find Wy, ~ €?/(m?q*)®, (which is
similar to what follows from Eq. (13)), and the resulting density perturbation is relatively
small (py, < ps,). Alternatively, we can estimate W, by assuming that L3 = S;% + 5%, v,
or equivalently,

& < poz. (23)

V- (ByVT)

1 1
0

X qu)l) . (24)

The nonlinear terms on the right-hand side of this equation can be estimated as Sg, + 5§ ¢, ~
1
m*/(r*R?q*)®2, so that

% m2 ;00 @2 2
BOR2q2 = Poy ™~ TQRQ(]QB_S 1 < p‘i’% ( 5)
Based on the above estimates, we neglect the W, contribution to the perturbed density. As a
result, Eq. (11) for the second harmonic density perturbation simplifies to ps = ps, + pge.

In order to calculate pg,, We need to determine ®, from the second harmonic vorticity
equation L% = SV. When dealing with the source term Sy2, We must pay special attention to

1
the cancellation of the —47mpy (v, - V)vy and (B, - V)B; terms in a homogeneous plasma with
straight magnetic field lines. The resulting second-harmonic vorticity equation has the form

F 2
24 <7~D@> — 16, =
r

\IIQN

rdr dr

~ 2 ~ ~ ~ _ ~
m dD dq)l m2 =~ d@l d2q)1 =~ d3<I>1 - d2k3|| dq)2
= R g2 ) p (T G Byl ekt
rBy | dr ( dr ) r2 ! + < dr dr? Ydr3 Varz ar |

(26)

where &, = &, (r)e2ine—m0—wh=in/2 n deriving Eq. (26), flux surface averaging has been
performed to eliminate the poloidal sidebands in SV that are proportional to sin @ or cos#.
These off-resonant sidebands produce only a small 2m =+ 1 correction to the dominant second
harmonic response.

Taylor expanding the coefficients in Eq. (26) around the zero shear point » = r, enables us
to transform Eq. (26) to

d dd . N
(S + xQ)d—; —16(S + 22)Dy + 4Q,D, =
ar\* ., o (AT T 3T\ = d(T?)

where T'(z) = m®,/(r.\/By), S is the eigenvalue of the AC eigenmode equation (18), and
the effects of hot ions and toroidicity have been added through the parameter @)s.
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To illustrate the second harmonic response, we choose a special case in which Qnee >
Qror- This assumption makes  independent of the mode numbers and, consequently, we have
@1 = Q> = Q. Fig. 1 shows numerical solutions to Eq. (27) in the above limit for two
different values of (. It is essential that the values of the constant S in Eq. (27) are different
from the eigenvalues of the linear operator on the left-hand side for both values of (), insuring
uniqueness of the solutions. These solutions give ®, ~ T2 ~ m?®?/(r>By) when Q ~ 0.65 .
They also indicate that ®, decreases with increasing Q).

Figure 1: Solution to Eq. (27) for @ = 0.65, S = 0.011 (left) and @ = 1, S = 0.10 (right). Note
that the amplitude of ¢, decreases with increasing @, and that ¥, (z) isan odd function of x whereas
¢, (x) isan even function of x.

5. Second Harmonic Density Perturbation

The second harmonic density perturbation generated by &, can be estimated as

3 2

po, = —pV Dy - <v X %‘;) _ (%‘; x V@Q) Vo ~ <% + (1npo)') %%, (28)
which shows that pg, is larger than pg: in Eqg. (21) by a factor m >> 1. However, the resonant
enhancement becomes less efficient when () increases because of the increasing frequency
shift Aw away from the Alfvén continuum and the concomitant widening of the first harmonic
radial profile. It is evident from the numerical solution shown in Fig. 1 that the amplitude of
®, decreases with increasing Q. For Q = 1, the amplitude of ®, is already lower than 72
by roughly a factor of 3. For larger values of () this numerical factor may exceed the mode
number m, making pg2 comparable to or greater than pg, for high .

To compare p, with p; we need an estimate for the first harmonic density perturbation,
which can be obtained from Eqg. (9),

by by 1 7\ mpo®Py
— q) . - _ - (b . ~ — 1 — . 2
P1 pV 1 (VX BO) (BO x V 1) Vp <R+(Dp0)) r By ( 9)

For moderately large values of @, the ratio ps/p; is approximately of order

P2 pe,  m*P  mg|Bg|

— 30
P1 P1 72 By e By (30)

This rough estimate only refers to the maximum values of p; and p,, whereas locally the ratio
of ps to p; can differ significantly from Eq. (30) as these two quantities have different radial
and poloidal dependences.
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6. Summary

The main results of this work are: (1) that the shear Alfvén perturbation is the dominant
contributor to the second harmonic density fluctuations produced by Alfvén cascades, and (2)
that one can calculate the second harmonic density perturbation from Egs. (21) and (28) by first
solving Eq. (27), in which the radial profile of the AC eigenmode is known from Eq. (18). For
moderate values of (), the nonlinearity of the momentum balance equation is more important
than the nonlinearity of the continuity equation and the resulting second harmonic density is
given by Eqg. (28).

This analysis, together with experimental measurements, can potentially be used to de-
termine the AC amplitude at the mode center, rather than just at the edge as with magnetic
probes.
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