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Abstract. We present an overview on one issue of practical interest for burning plasmas; i.e., whether fast ions
and charged fusion products are sufficiently well confined that they transfer their energy and/or momentum to
the thermal plasma without appreciable degradation due to collective modes. In the present work, we analyze
this problem starting from its first principle theoretical grounds, i.e. the identification of key physics in burning
plasma stability properties as well as the non-linear dynamics above threshold. We also discuss the investigations
of such processes via computer simulations as well as the importance of benchmarking with existing or future
experimental observations.

1. Introduction
A burning plasma is a self-organized system, where the energy density of fast ions (MeV
energies) and charged fusion products is a significant fraction of the total plasma energy density.
Generally, one can address two main issues of practical interest concerning these plasmas: (i)
whether fast ions and charged fusion products are sufficiently well confined that they transfer
their energy and/or momentum to the thermal plasma without appreciable degradation due to
collective modes; (ii) whether mutual interactions between collective modes and energetic ion
dynamics on the one side and drift wave turbulence and turbulent transport on the other side,
may decrease, on long time scales, the thermonuclear efficiency of the considered system. In
terms of their consequences, these two issues have different implications: the first one has
direct impact on the operation scenarios and boundaries, since energy and momentum fluxes
due to collective losses may lead to significant wall loading and damaging of plasma facing
materials; while the second one poses soft limits in the operation space. In the framework of
plasma theory, meanwhile, the first point is connected with the identification of burning plasma
stability boundaries with respect to collective mode excitations by fast ions and charged fusion
products as well as with the non-linear dynamics above the stability thresholds, whereas the
second issue is associated with long time-scale non-linear behaviors typical of self-organized
complex systems. In the present work, we analyze the first aspect starting from its first principle
theoretical grounds and discuss the possibilities of investigating such processes via computer
simulations as well as the importance of benchmarking with existing or future experimental
observations. The second issue is much more challenging and will be mentioned only in the
Discussion Section.
Shear Alfvén (SA) wave excitations by energetic (E ≈ 1MeV ) ions are investigated as the
primary candidate for causing fluctuation induced transport of fast ions and charged fusion
products (from now on referred to as fast or energetic ions) in burning tokamak plasmas. This
subject is a clear example of the successful and positive feedback between theory and experiment in the recent years of fusion plasma physics research. The resonant excitations of Alfvén
Modes in toroidal plasmas by fast ions is considered in the present work, revisiting previous
analyses that demonstrated in general the existence of two types of modes; i.e., a discrete shear
Alfvén gap mode, or Alfvén Eigenmode (AE), and an Energetic Particle continuum Mode
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(EPM) [1]. It can be consistently shown that the resonant fast ion dynamics in toroidal plasmas
enters mainly via the magnetic drift curvature coupling in the vorticity equation, while the nonresonant contributions depend on the ratio of the characteristic fast ion orbit width, ρEP , to the
perpendicular mode wavelength, λ⊥ . The optimal wavelength ordering for analyzing energetic
> ρEP . As a general result, we
ion transport in burning plasmas, meanwhile, is typically λ⊥ ∼
show that a general fishbone-like dispersion relation [1, 2] not only addresses the excitation of
the SA frequency spectrum by energetic ions precession, precession-bounce and transit resonances in the whole frequency range from Kinetic Ballooning Modes (KBM)[3]/Beta induced
AE (BAE)[4] to Toroidal AE (TAE)[5]. It can also describe Alfvén Cascades (AC) [6] as well
as the transition to Alfvénic Ion Temperature Gradient (AITG) [7]. Alfvén mode excitation by
both energetic ions (at the longest wavelengths) as well as by thermal ions (at the shortest wavelengths) on a wide range of mode numbers were recently observed in DIII-D and confirmed by
numerical stability calculations [8].
Non-linear evolutions of the energetic ion distribution function are affected by formation of
phase space-structures. Noticeable examples of such structures are the pitchfork splitting of
TAE spectral lines observed on JET [9] and explained in terms of hole-clump pair formations
in phase space, near marginal stability [10]. Simulation results indicate that, above threshold
for the onset of resonant EPM [1], strong fast ion transport occurs in “avalanches”[11]. Such
strong transport events occur on time scales of a few inverse linear growth rates (generally,
100 ÷ 200 Alfvén times) and have a ballistic character [12] that fundamentally differentiates
them from the diffusive and local nature of weak transport. Recent experimental observations
on the JT-60U tokamak have also shown macroscopic and rapid (in the sense discussed above)
energetic particle radial redistributions in connection with the so called Abrupt Large amplitude
Events (ALE) [13].Therefore, it suggests the importance of theoretically assessing the potential
impact of fusion product avalanches due to the hard limit that these may pose on burning
plasma operations. Here, we will explore and analyze these issues based on recent numerical
simulations as well as lower-dimensional analytic non-linear dynamic models [11].
2. Linear Shear Alfvén Waves and Energetic Particle physics
The significance of energetic particle (E.-P.) physics in burning plasmas (B.-P.) is profoundly
connected with the fact that E.-P. are an intrinsic component of B.-P. experiments such as ITER.
In the present work, we focus on the roles played by fast ions (MeV energies), produced by
additional heating and/or current drive systems, and charged fusion products, e.g. α-particles
in D-T plasmas, equivalently referring to these as either E.-P. or fusion α’s; however, the role
of supra-thermal electrons can be important as well for very similar aspects [14].
Shear Alfvén Waves (SAW) are anisotropic electromagnetic (e.m.) waves in magnetically confined plasmas, satisfying the dispersion relation
ω 2 = kk2 vA2 = ωA2 ,

(1)

with vA = B/(4π̺)1/2 the Alfvén velocity, B the equilibrium magnetic field strength, ̺ the
plasma mass density and kk the parallel (to B) wave vector. Shear Alfvén Waves are fundamental oscillations in laboratory as well as space plasmas, e.g. solar, interstellar and magnetosphere
plasmas [15]. For example, SAW have important dynamic roles in solar corona heating [16]
and accelerating auroral electrons [17]. Collective excitations of the SAW spectrum by E.-P.
are possible because of the resonant condition, vα ≃ vA , between the α-particle characteristic
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speed, vα , and the Alfvén velocity, which is easily satisfied in a B.-P. [18, 19]. Furthermore, the
resonance condition is efficiently maintained since the SAW group velocity is directed along
B and has magnitude vA , vg = (∂ω/∂kk ) = ±(B/B)vA , and particles are tight to a given field
line while freely moving along B in a strongly magnetized system.
In non-uniform plasmas, gradients across the magnetic surfaces cause the SAW frequency to
become dependent on the spatial location. In the simplest one dimensional case , ωA2 = ωA2 (r),
as predicted by Eq. (1), with r the radial coordinate across the plasma cylinder: thus, SAW
are characterized by a continuous spectrum. As a consequence of the SAW continuum, initial perturbations decay via phase mixing on time scales ≈ (∆r(d/dr)ωA(r))−1 , with ∆r the
perturbation radial extent. Meanwhile, a driven perturbation with frequency ω0 is singularly
absorbed at the resonant layer, where ω02 = ωA2 (r0 ): the resonant absorption (continuum damping) rate scales as ∝ (d/dr)ωA(r0 ) [20]. The exact analogy of phase mixing and singular
absorption with collisionless dissipation in Vlasov plasmas was emphasized by Grad [21]. In
higher dimensionality systems, such as nearly two-dimensional or three-dimensional toroidal
devices, the main additional complication is due to the modulations of vA along B. This causes
the loss of translational symmetry for SAW traveling along B and sampling regions of periodically varying vA . Similarly to electron wave packets traveling in a one-dimensional periodic
lattice, SAW in toroidal systems are characterized by gaps in the SA continuous spectrum, corresponding to the formation of standing waves at the Bragg reflection condition. Continuing the
analogy with the one-dimensional periodic lattice case, discrete SA eigenmodes (AE) can be
localized in these gaps due to MHD and/or E.-P. effects (i.e., the defects). The AE are weakly
affected by continuum damping and the consequences of this important fact are discussed in
detail in Section 2.1.
Fluctuations of the SAW spectrum are characterized by frequencies, |ωA | ≪ ωc , much lower
than the ion cyclotron frequency. The
magnetic moment, µ, is thus well conserved, while both
H
second
(action)
invariant,
J
=
M
v
k dl, and toroidal canonical angular momentum, Pφ =


M Rvk − ωc ψ/B , are broken by wave-particle interactions in the presence of SAW. Here,
M is the particle mass, vk it the particle velocity along the equilibrium magnetic field, l is the
arc length along B, ψ is the poloidal magnetic flux defined such that B = F (ψ)∇φ+∇φ×∇ψ
and we have used cylindrical coordinates (R, Z, φ). The breaking of two of the invariants of
particle motion in the presence of SAW, implies that we must expect fluctuation induced particle transports (redistribution) in phase space. In strongly magnetized plasmas, such as those
of fusion interest, Pφ ≃ −Mωc ψ/B and fluctuation induced (anomalous) particle transports
are conveniently (and equivalently) represented in the (E = v 2 /2, r) rather than the (J, Pφ )
phase space, where r is a radial-like flux coordinate in the standard representation of toroidal
flux coordinates, (r, θ, φ), with θ the poloidal angle. The various effects and implications of
anomalous E.-P. transports in B.-P. will be analyzed in Section 3.
For SAW in β = 8πP/B 2 ≈ 10−2 ≪ 1 toroidal plasmas, with P the total plasma pressure,
magnetic drifts, vd , play a fundamental role for wave-particle interactions and collective wave
excitations [22]. In these conditions, in fact, SAW are characterized by negligible fluctuations
of both electric and magnetic fields along B; i.e., δEk ≈ 0 and δBk ≈ 0. Thus, particles
experience the (vd × δB⊥ ) · b force and exchange energy with SAW via vd · δE⊥ , where b =
B/B and the other notation is standard. The wave-particle resonance conditions, meanwhile,
are different for circulating particles (which move along B without changing sign of vk ) and
those that are trapped between magnetic mirror points. For the first particle class, the resonance
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condition is
ω − kk vk − pωt = 0 ,

p ∈ ZZ ,

(2)

with ωt ≈ vk /(qR) the particle transit frequency around the torus and q the safety factor;
meanwhile, Eq. (2) for trapped particles becomes
ω − ω̄d − pωb = 0 ,

p ∈ ZZ ,

(3)

with ω̄d and ωb , respectively, the toroidal precession and bounce frequencies.
2.1. Shear Alfvén Wave spectrum: continuous and discrete spectra
As discussed in Section 2, the various SA modes that can be excited in the presence of the energetic ion free energy source are strongly influenced by the presence of the SA continuous spectrum, which is characterized by gaps. The frequency gap at vA /(2qR0 ) (R0 being the plasma
major radius and q the safety factor) is due to the finite toroidicity of the system [23], but other
gaps generally exist at ω = ℓvA /(2qR0 ), due to either non-circularity of the magnetic flux surfaces (ℓ = 2, 3, . . .) [24], to anisotropic trapped energetic ion population (ℓ = 1, 2, 3, . . .) [25]
or to finite-β (mainly ℓ = 2) [26]. A low-frequency gap also exists because of finite plasma
compressibility [27].
In order to nullify or minimize continuum damping, discrete SA eigenmodes (AE) must be localized in the SA continuum frequency gaps and/or around radial positions where (d/dr)ωA (r)
= 0. The degeneracy of AE mode frequency with the SA continuous spectrum is removed by
equilibrium non-uniformities, which make it possible for these fluctuations to exist as discrete
modes. In particular, AE collective excitations by E.-P. are possible due to the coupling of the
E.-P. pressure perturbation with the SAW vorticity equation via magnetic curvature drifts [22].
The discrete AE existing in the various frequency gaps and have been given different names
1/2
accordingly; e.g., Beta induced AE (BAE) [4, 27] for ω ≃ βi (7/4 + Te /Ti )1/2 vA /R0 [28],
with βi the thermal (core) ion β and Te (Ti ) the core electron (ion) temperature; Toroidal AE
(TAE) [5] for ω ≃ vA /(2qR0 ); Ellipticity induced AE (EAE) [24] for ω ≃ vA /(qR0 ), etc..
In addition, a variety of kinetic counterparts of the corresponding ideal AE also exists when,
e.g. finite resistivity [5] or finite Larmor radius (FLR) are accounted for, as in [29] for the
Kinetic TAE (KTAE). Similarly, and consistently with the fact that removal of the frequency
degeneracy of AE with the SA continuum depends on equilibrium non-uniformities, peculiar
behaviors of local plasma profiles can produce variants of the AE mentioned above, as in the
case of TAE mode structure and existence condition, which are modified at low magnetic shear
values, s = (r/q)(dq/dr) ≪ 1, typical of the plasma near the magnetic axis and have been
dubbed core-localized TAE [30].
Global AE (GAE) [31] may also exist in a non-uniform cylindrical plasma equilibrium and
are localized in both frequency and radial position near an extremum of the SA continuous
spectrum. A special case of (d/dr)ωA(r) = 0 is given by tokamak plasma equilibria with for
hollow-q profiles, characterized by negative magnetic shear, s < 0, inside the the minimum-q
surface. For these equilibria, a frequency gap is formed in the local SA continuous spectrum,
where AE can be excited [32], yielding the so called Alfvén Cascades (AC) [6] or Reversed
Shear AE (RSAE) [33].
In the next Section, we discuss how all these modes can be described by the same dispersion
relation, which is written in one single general form.
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2.2. Stability properties: general fishbone-like dispersion relation

Perturbations of the SAW spectrum generally consist of singular (inertial) and regular (ideal
MHD) structures. For this reason, it is always possible to derive a general fishbone-like dispersion relation in the form [1, 22]
iΛ(ω) = δ Ŵf + δ Ŵk .

(4)

Here, the left hand side (LHS) is the inertial layer contribution due to thermal ions, while the
right hand side (RHS) comes from background MHD and E.-P. contributions in the regular
ideal regions. On the basis of Eq. (4), two types of modes exist: a discrete AE, for IReΛ2 < 0;
and an Energetic Particle continuum Mode (EPM) [1] for IReΛ2 > 0. For AE, the combined
effect of δ Ŵf and the non-resonant fast ion response, IReδ Ŵk , provides a real frequency shift,
which removes the degeneracy with the SA continuum accumulation point and makes the mode
weakly damped [5]. Meanwhile, the resonant wave-particle interaction, IImδ Ŵk , gives the
mode drive, which is necessary to overcome the small but finite damping due to the core plasma
component. In the case of EPM, ω is set by the relevant energetic ion characteristic frequency
and mode excitation requires the drive exceeding a threshold due to continuum damping [20,
34, 35, 36]; i.e., IImδ Ŵk > IReΛ in Eq. (4). However, the non-resonant fast ion response is
crucially important for EPM excitation as well, since it provides the compression effect that
is necessary for balancing the generally positive MHD potential energy of the wave [1, 2],
IReδ Ŵk + δ Ŵf ≃ 0. A celebrated example of EPM is the fishbone instability [2, 37], where
i|s|

h



i1/2

R02 /vA2 ω (ω − ω∗pi) (1 + ∆)

= δ Ŵf + δ Ŵk ,

(5)

where ω∗pi is the core ion diamagnetic frequency and ∆ ∝ q 2 is the enhancement of plasma
inertia due to geodesic curvature [38, 39].
The combined effect of δ Ŵf and IReδ Ŵk , which determines the existence conditions of AE by
removing the degeneracy with the SA accumulation point, depends on the plasma equilibrium
profiles. Thus, various effects in δ Ŵf +IReδ Ŵk can lead to AE localization in various gaps, i.e.
to different species of AE, as described in Section 2.1. This AE Zoology [40] is consistently
described by the single and general dispersion relation Eq. (4). A simple example is the TAE
near the lower accumulation point, ωℓ , of the toroidicity induced frequency gap in the SA
continuum [23]. In this case, Λ2 vA2 /(q 2 R02 ) = ωℓ2 − ω 2 and the TAE mode existence condition
reads δ Ŵf + IReδ Ŵk > 0 [5]. Similar pictures could be easily extended to TAE localized near
the upper SA accumulation point, and to AC or RSAE. In this latter case, e.g., Λ2 vA2 /(q 2 R02 ) =
(ω 2 −kk2 vA2 )/(kk qR0 ) [22] and the gap mode existence condition, δ Ŵf +IReδ Ŵk > 0, is favored
by the Mercier stability condition at s = 0 [41]. The effect of plasma compressibility on ACs
was also analyzed recently [41, 42], when the mode frequency becomes comparable with that
1/2
of the low-frequency SA accumulation point ω ≃ βi (7/4 + Te /Ti )1/2 vA /R0 [27, 28].
The low frequency SA continuum frequency gap deserves a special note since, in this case, the
mode frequency can be comparable with thermal (core) ion diamagnetic and/or transit frequencies; i.e., |ω| ≈ ω∗pi ≈ ωti . We can generally refer to this SA frequency gap as the Kinetic
Thermal Ion (KTI) gap. In fact, the ideal MHD accumulation point (ω = 0 at kk = 0) is shifted
by either the ion diamagnetic drift (as in the KBM case [3]), or by parallel and perpendicular ion compressibility (as for BAE [4]), or, more generally, by the combined effects of finite
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∇Ti and wave-particle resonances with thermal (core) ions (as for AITG [7]) in the inertial
layer. For the AITG, the SA continuum accumulation point becomes unstable for modes with
> ρi , the ion Larmor radius) and the mode “localization”
sufficiently short wavelength (λ⊥ ∼
condition corresponds to the excitation of an unstable discrete AITG independently of the E.-P.
drive. Obviously, similar physics considerations and results will be applicable to RSAE/AC.
2.3. Experimental verification of linear Alfvén Eigenmodes and stability predictions in
burning plasmas
The many experimental observations of AE and EPM are well documented [40, 43] and reporting them in detail is beyond the scope of the present work. Here, we illustrate the successful
and positive feedback between theory and experiment in this area by the recent observation in
DIII-D of AC/RSAE excitation on a wide range of mode numbers [8]. The theoretical mode
frequency, ω ≃ |n − m/qmin | (vA /R0 ) (m/n being the poloidal/toroidal mode number), for
mode excited near the minimum-q surface, is well confirmed by experimental measurements.
Meanwhile, the observation of mode numbers up to n ∼ O(40) demonstrates AC/RSAE excitation by both energetic ions (at the longest wavelengths) as well as via the AITG mechanism
(at the shortest wavelengths), as confirmed by numerical stability calculations [8].
Numerically calculated AE damping rates using non-perturbative kinetic models agree qualitatively with experiments, although details of damping mechanisms are still being debated [44,
45, 46, 47]. Precise comparisons with measured damping rates depend on plasma edge boundary conditions [46], as it was recently confirmed by global gyrokinetic code simulations [47].
This suggests that future developments in numerical stability analyses of B.-P. in realistic conditions will need to incorporate accurate models of the Scrape Off Layer (SOL) and of the mode
structure outside the last closed magnetic surface in divertor configurations. Another critical
aspect is the accurate modeling of the mode conversion of long wavelength MHD-like modes
to shorter wavelengths, typical of Kinetic Alfvén Waves (KAW) [48]. Differences in the wave
propagation properties are the explanation of different predictions on the AE kinetic damping rates in the plasma interior, which still require some efforts in code benchmarking among
themselves and vs. known analytical results. Finally, reliable numerical stability calculations
for EPMs must account for self-consistent energetic ion physics, since the fast ion free energy
source may modify the wave field structure itself [1].
As all instabilities that tap the expansion free-energy from energetic particle spatial gradients,
AE and EPM have both linear growth as well as transport rates proportional to the mode number [49]: thus, short wavelengths tend to be favored. On the other hand, due to the fundamental
role of wave-particle interactions in the transport processes [49], the typical lower bound for
λ⊥ is set by the characteristic E.-P. orbit width, ρEP , which, in toroidal devices such as tokamaks, is determined by magnetic drifts and is generally larger than the E.-P. Larmor radius.
> ρEP are expected to play a dominant role for both resonant
For this reason, modes with λ⊥ ∼
excitations of collective Alfvén instabilities as well as for producing fluctuation enhanced fast
< (r/ρEP ). Generally, AE in the same
ion transport. This condition corresponds to nmax q ∼
gap have nearly degenerate frequency for the various toroidal mode numbers, as in the case of
TAE [5]. Moreover, each nth mode has ∼ O(nq) different possible realizations (radial eigenstates) of AE localized at different radial locations. Thus, e.g., within the TAE gap we may
expect ∼ O(n2 q) AE, forming a dense population of eigenmodes (lighthouses) with unique
(equilibrium-dependent) frequencies and locations. In Section 3 we discuss the significant im-
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plications of this fact on the non-linear AE physics.
Numerical investigations of AE and EPM stability in B.-P., such as ITER, have shown that the
most unstable (least stable) mode numbers are in the medium to high-n range, i.e. nmax ≃
O(10) [50, 51]. In realistic geometry, stability analyses of the ITER “positive shear” reference
scenario with perturbative E.-P. dynamics demonstrate that AE are marginally stable in the
presence of fusion-αs only, while instability is to be expected when E.-P. tails due to 1MeV
Negative Neutral Beam Injection (NNBI) are accounted for [50]. Meanwhile, AE and EPM
stability studies with self-consistent E.-P. physics in simplified circular geometry show that,
in the presence of fusion-αs only, ITER is marginally unstable for AE in all the three reference scenarios; i.e., “positive shear” (SC2), “reversed shear” (SC4) and “hybrid scenario”
(SCH) [51]. The slight discrepancy between [50] and [51] is likely due to the different equilibrium representation (shaped vs. circular), the treatment of fast ion dynamics (perturbative vs.
self-consistent) and the profile differences in the reference scenarios. Simulations results also
show that AE close to the plasma center are more easily excited by precession and precessionbounce resonances with trapped fusion-αs [51], due to the fact that the maximum drive due to
NNBI is more externally located (at about mid radius of the plasma cross section). Similarly,
AE structures mostly weighted in the outer plasma column are preferentially excited by NNBI
and transit resonances [50, 52]. This fact explains why, due to orbit averaging effects, mode
numbers of AE localized in the plasma core tend to be smaller. Generally, AE stability in ITER
is most critical for the “reversed shear” (SC4) scenario [51, 52]. Assuming fusion-αs only, the
threshold for n ≃ O(10) EPM excitation in the ITER SCH scenario is reached by artificially
raising the on axis βα by ≈ 1.6 at fixed profiles [51].
3. Non-linear Shear Alfvén Waves and Energetic Particle physics
The fundamental problem to be addressed in studies of collective mode excitation by E.-P.
in B.-P. is to assess whether or not significant degradation in the plasma performance can be
expected in the presence of Alfvénic fluctuations and, if yes, what level of wall loading and
damaging of plasma facing materials can be caused by energy and momentum fluxes due to
collective fast ion losses. The possible detrimental effects of collective mode excitation by
E.-P. on the B.-P. performance can also manifest themselves in more restrictive requirements
on the ignition condition even in the absence of global E.-P. losses. This is, e.g., the case of
fluctuation induced profile relaxations. Examples of these various effects are given below.
Energetic particle losses up to 70% of the entire fast particle population have both been predicted theoretically and found experimentally [53]. The non-linear SAW dynamics and their
consequence on E.-P. transports is largely influenced by the characteristics of the AE and EPM
spectra, described in Section 2. These issues are analyzed in the following.
3.1. Non-linear Alfvén Eigenmode physics
For weakly unstable AE, |γ/ω| ∼ O(10−2 ), a possible non-linear saturation mechanism is via
phase-space non-linearities (wave-particle trapping) [54, 55]. This fact has been confirmed
by many numerical simulations [56, 57, 58, 59]. The analogy with the single-wave bump-ontail paradigm has been proposed for the case of a single linear TAE and non-linear resonant
E.-P. response [54, 55]. Assuming wave-particle precession resonance only, both µ and J
are conserved, Pφ being the only broken invariant of the particle motion. In this way, the
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correspondence ωT AE ⇒ ωpe (the plasma frequency), Pφ ⇒ v and FEP (Pφ |µ,J ) ⇒ Fb (v)
(the beam distribution function), demonstrates the analogy with the single-wave bump-on-tail
paradigm conjectured in [54]. With the inclusion of background dissipation and Fb (v) restoring
via collisional processes (or FEP (Pφ |µ,J ) restoring via source inputs), the trapping of E.-P. in
the potential well of the wave causes hole-clump pair production in phase space and sideband
generation [10]. This paradigm has been adopted for the theoretical explanation of the pitchfork
splitting of TAE spectral lines observed on JET [9].
Another possible saturation mechanism for weakly unstable AE is via non-linear frequency
shifts due to mode-mode couplings. For a single TAE, the dominant mode structures produced
non-linearly are (n = 0, m = 0) zonal flows/fields [60] and (n = 0, m = ±1) δB⊥ [61]
and δn [62] fluctuations. These radially localized non-linear structures generate local neighboring non-linear equilibria, narrowing the TAE frequency gap and/or lowering ωT AE , thereby
enhancing continuum or radiative damping. Recently, numerical simulations confirmed that
n = 0 non-linear structures produced by mode-mode couplings give an estimate for AE saturation amplitudes on TFTR that are closer to (lower) experimentally measured levels than if they
were not included in the simulation model [63].
When the non-linear dynamics of AE refer to single wave-particle resonances or to local saturation mechanisms, as in the examples discussed above, it is not surprising that AE yield
negligible E.-P. losses, unless phase-space stochasticity is reached, possibly via phase-space
explosion (domino effect [64]). This fact has been confirmed also by numerical simulations of
alpha particle driven Alfvén gap modes in ITER [59]. For this reason, the dominant loss mechanism below stochastic threshold is expected to be that of scattering of barely counter-passing
particles into unconfined (trapped particle) “fat” banana orbits [65, 66]; however, this loss
mechanism is expected to be weak in ITER, due to the small ratio of banana orbit width to system size. Diffusive losses above the stochastic threshold are expected to scale as ≈ (δBr /B)2 ,
due to energetic particle stochastic diffusion in phase space and eventually across the orbit-loss
boundaries. The stochastic threshold for a single AE is (δBr /B) ≈ 10−3 , although that may
< 10−4 ) in the multiple mode case [65, 66].
be greatly reduced ((δBr /B) ∼
In the presence of multiple AE, as it is typical for TAE in a B.-P. (see Section 2.3), non-linear
interactions can induce a downward frequency cascading via non-linear wave-particle resonances, e.g. non-linear ion Landau damping or Compton scattering off the thermal ions [67].
This process enhances continuum or radiative damping, analogously to the non-linear wavewave interaction case described above, because of the cascading to lower frequency and more
stable TAE [67]. As anticipated in Section 2.3, the fact that the most unstable (least stable)
mode numbers in B.-P. are in the medium to high-n range, i.e. nmax ≃ O(10) [50, 51], implies a dense AE lighthouse spectrum with unique frequencies and locations in the (ω, r) space.
Thus, we expect significant multiple-TAE non-linear interactions, yielding a diffusive redistribution of FEP (E, Pφ (r)|µ ), where the notation in Pφ (r)|µ reminds that Pφ ≃ −Mωc ψ/B in
strongly magnetized plasmas. Diffusive redistributions, meanwhile, are expected to take place
via AE-avalanches; i.e., via gradient steepening and relaxation processes, closely resembling
those typical of turbulence spreading [68, 69, 70].
3.2. Non-linear Energetic Particle Mode physics
Energetic Particle Modes are generally characterized by stronger drive than AE, |γ/ω| ∼
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O(10−2 ÷ 10−1 ), due to the threshold condition for their excitation, which is set by continuum damping [1]. In contrast with AE, EPM have frequencies, ωEP M , which are set by the
characteristic E.-P. dynamic frequencies, ωEP . Furthermore, EPM are excited in situ, where
αEP = −R0 q 2 (dβEP /dr) is maximum [71]; i.e., the EPM spatial localization is set by the
strength of the E.-P. resonant drive. For the intrinsic EPM resonant character and their natural localization at the radial position where the drive is strongest, EPM rapidly redistribute
FEP (E, Pφ (r)|µ). Simulation results indicate that, above the linear stability threshold, strong
EPM induced fast ion transport occurs in avalanches [11]. Such strong transport events occur on time scales of a few inverse linear growth rates (generally 100 ÷ 200 Alfvén times,
τA = R0 /vA ) and have a ballistic character [12] that basically differentiates them from the diffusive and local nature of weak transport. In this respect, EPM induced avalanches are similar
but also qualitatively different from the AE-avalanches (see Section 3.1), closely resembling
those typical of turbulence spreading [68, 69, 70]. Energetic Particle Mode induced avalanches
consist of a radially propagating unstable front producing a convective E.-P. radial redistribution [11]. This peculiarity is due to the fact that EPM growth rate has a stronger n dependence,
producing a narrow toroidal mode number unstable spectrum, in contrast with the AE case.
As a consequence, single-n non-linear dynamics dominates the initial rapid convective phase.
The radial propagation of a single-n non-linear EPM localized mode structure takes place via
couplings between poloidal harmonics and their interplay with non-linear distortion of the E.P. source. An analytical description has been proposed for elucidating the EPM avalanche
paradigm


ℓ
nℓ
2
A(r, t) ,
(6)
DEP
(−iω
+
∂
,
∂
,
r)
A(r,
t)
=
δ
Ŵ
∂
,
∂
,
r,
|A|
t
r
t
r
M
k
ℓ
where A(r, t) is the radial envelope of the single-n EPM poloidal harmonics, DEP
M (−iω + ∂t ,
∂r , r) is the linear EPM dispersion function, including radial dispersiveness, and δ Ŵknℓ (∂t , ∂r ,
r, |A|2 ) is the E.-P. δ Ŵk due to non-linear wave particle interactions. This model predicts radial convective amplification of the EPM envelope and E.-P. source propagation, consistent
with numerical simulations [11].

Experimental observations on the JT-60U tokamak have confirmed macroscopic and rapid energetic particle radial redistributions in connection with the so called Abrupt Large amplitude
Events (ALE) [13]. Recent numerical simulation of n = 1 EPM modes on JT-60U, show that
FEP (E, Pφ (r)|µ) is rapidly redistributed in the (E, r) space by the non-linear wave-particle interactions, consistently with ALE observations and in quantitative agreement with experimental
results [72, 73]. Similar considerations can be made for the non-linear E.-P. dynamics in the
presence of strong excitations of low-frequency MHD modes. Experimental observations of
the fishbone mode [74] were originally interpreted as the resonant excitation of the n = 1 internal kink mode at ω = ω̄dE [2], causing E.-P. convective losses with ballistic character [12],
similar to those of EPM avalanches. Recent numerical simulations of both kink and fishbone
instability confirm the fact that rapid E.-P. transport are expected when the system is significantly above marginal stability [75]. Fast radial redistributions involving FEP (E, Pφ (r)|µ ) lead
to fishbone mode saturation and downward frequency chirping. In addition to the complex
interplay between mode structure and E.-P. source, simulation results also elucidate the role of
fluid non-linearities, which are important for the correct evaluation of the saturated amplitude
and mode structures [75].
Recent numerical simulations of B.-P. operations proposed for ITER indicate that significant
fusion-α losses (≈ 5%) may occur due to a rapid broadening of α-particle profiles in the
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hollow-q “advanced”-tokamak scenario [51]. Meanwhile, only moderate internal E.-P. relaxation are expected for “conventional” q-profiles, whereas strong EPM excitation and significant
convective fusion-α losses are predicted in the “hybrid” centrally flat-q-profile case only if the
volume averaged fast ion density is increased by a factor ≃ 1.6 [51]. These results are obtained
assuming an initial given fusion-α profile without NNBI and Ion Cyclotron Resonance Heating
(ICRH). Recalling the results on linear stability, discussed at the end of Section 2.3, the presence of NNBI (and ICRH) induced E.-P. tails will make the system more unstable and prone to
losses, especially considering the more external radial location of the mode structures, which
tend to easily interact with the radial profiles of the NNBI deposited tangential fast ions [50].
4. Summary and Discussions
The linear physics of collective SAW excitation by E.-P. in B.-P. is well at hand. Still, it is
necessary to develop a comprehensive linear numerical code to accurately evaluate the B.-P.
stability properties in realistic conditions, which include non-perturbative treatment of waveparticle interactions of SAW with E.-P., (gyro) kinetic analyses of the thermal (core) plasma
particles and actual equilibrium geometries in the presence of X-points and divertor regions.
This task is well within reach of the various integrated tokamak modeling initiatives and will
involve a thorough benchmarking of different numerical codes among themselves and with
existing and future experimental data on mode structures and damping/growth rates.
Medium to high mode number AE and EPM will be excited by the synergistic effect of fusionαs and E.-P. due to external heating and current drive systems in ITER. The consequences of
E.-P. transports remain unclear, although the excitation of EPM is expected to be characterized
by convective transports/relaxations, in contrast with the typical diffusive nature of the transport
processes due to AE. However, EPM are characterized by a higher excitation threshold.
The key non-linear physics mechanisms for collective SAW excitation by E.-P. in B.-P. are
identified: some of these non-linear dynamics are “verified” either by customized numerical
simulations or by experimental observations, whose comparisons have often produced in depth
understanding of specific physical issues. Multi-mode simulations up to n ∼ O(10 ÷ 20), with
non-perturbative E.-P. dynamics and accurate background damping (realistic geometries and
boundaries), are needed to push forward this area.
On the longer time scales, interactions between SAW–E.-P. dynamics and Drift/Alfvén-thermal
particles dynamics will emerge and pose challenging multi-scale physics issues. For example,
AE and EPM non-linear evolutions can be predominantly affected by either spontaneous generation of zonal flows and fields [76, 77] or by radial modulations in the fast ion profiles [11],
depending on the proximity to marginal stability. Generally, non-linear evolution equations for
the zonal structures can be derived, whose time-asymptotic behavior corresponds to non-linear
equilibria, consistent with zonal flows and fields as well as non-linear modulations in the E.-P.
radial profiles. Within this framework, it is possible to explore the possible non-linear interplay
between zonal structures, drift wave turbulence and collective modes excited by energetic ions.
As a concluding remark, it is worthwhile emphasizing that SAW-E.-P. research is intellectually
challenging (complexities in geometries and non-linearities) and programmatically important.
Strong and healthy positive interplays among experiments, theory and simulations are necessary to push further the science in this field.
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