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Abstract. The tight aspect ratio tokamak with its high-β capacity allows for an increased understanding
of MHD stability, including, but not limited to, aspect ratio effects. The MAST tokamak is equipped with
neutral beam injection (NBI) heating, a range of excellent diagnostics and external error field correction
coils that allow non-axisymmetric (dominantly n = 1) fields to be applied. MAST has made considerable
progress in studying sawtooth behaviour with co and counter-NBI, in observations of fast ion instabilities
and on studies of the threshold for error field locked modes, as reported in this paper.

1. Introduction

Present day spherical tokamaks [1] with unbalanced tangential neutral beam injection (NBI)
are capable of generating toroidal flows approaching the ion sound speed. Such high plasma
rotation means that effects such as centrifugal forces become important when considering the
stability of magnetohydrodynamic (MHD) modes such as the n = 1 internal kink mode. Here
the MHD stability analysis code, MISHKA-F [2] is used to model the effect of toroidal flows on
the ideal n = 1 internal kink mode.

Small asymmetries in the otherwise axisymmetric magnetic field configuration referred to as
error fields are known to be able to stop the plasma rotating, drive resistive tearing modes and
lead to disruptions. Correcting out these imperfections in the magnetic field using the error field
correction coils on MAST has allowed MAST to operate at densities 30% lower than previously.
Furthermore, studies looking at the error field necessary to induce mode locking have shown
that the locked mode threshold in MAST scales in a similar way to that in conventional aspect-
ratio tokamaks.

The low magnetic field in MAST means that the fast ion population resulting from NBI is
super-Alfvénic. Indeed the fast ion drive of linear eigenmodes supported by the thermal plasma
may be so strong that they start to exhibit highly nonlinear behaviour and so-called energetic
particles modes may be created. This paper reports upon observations of shear Alfvén waves
associated with a minimum in the magnetic shear: Alfvén Cascades (ACs). Two approaches for
forming such reversed magnetic shear profiles have been identified and the existence of these
ACs long into the current flat-top phase of the pulse provides evidence for the sustainment of
the configuration.

2. Effects of toroidal flow on sawteeth

The sawtooth behaviour in MAST plasmas has been compared across approximately matched
discharges with similar flat-top current, magnetic field and plasma shape. Since MAST is a
tight aspect-ratio spherical tokamak, a/R ' 0.7, it has a low moment of inertia which when
combined with a high power neutrally injected beam, results in rotation speeds significantly
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higher than presented in previous JET results [3].
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FIG. 1. Soft X-ray emission for two approxi-
mately identical MAST discharges with similar
beam power injected in opposite directions. The
sawtooth period is significantly longer when the
NBI is oriented in the co-current direction.

Fig. 1 shows the soft X-ray traces from two
shots in MAST with similar injected beam
power but oriented in opposite directions. At
the time of the first sawtooth crash, in shot
13575, Ip = 719 kA, BT = 0.36 T and n̄e =
2.24× 1020m−3 whilst in discharge 13369, Ip =
723 kA, BT = 0.4 T and n̄e = 2.26 × 1020 m−3.
The NBI directed in the co-current direction
(discharge 13369) results in a quiescent time
which is over twice as long as that when the
NB is injected in the counter-current direction.
Fig. 2 shows the sawtooth period from a col-
lection of shots which conform to the follow-
ing parameter ranges: Ip ∈ [680,740] kA, BT ∈
[0.35,0.45]T and ne ∈ [1.6,2.2]×1020 m−3. Here
the convention is used that negative beam power means injected in the counter-Ip direction
whereas positive power is injected in the co-Ip direction. It is found that as the co-NBI is
increased in MAST, the sawtooth period also increases. Conversely, as the counter-NBI is in-
creased, the quiescent time decreases until the sawtooth period reaches a minimum, and then
subsequently lengthens, analogous to the co-NBI regime. It is evident that for counter-NBI
powers up to 1.5MW the sawtooth period is comparable to, or shorter than, typical Ohmic heat-
ing sawtooth periods (τOhmic

ST ∼ 10−15 ms). The results obtained are consistent with those from
JET [3].

-2 -1 0 1 2
NBI Power (MW)

0

0.01

0.02

0.03

0.04

Sa
w

to
ot

h 
Pe

ri
od

 (s
)

FIG. 2. Sawtooth period for
MAST discharges as a func-
tion of applied NBI Power.
Ip ∈ [680,740] kA, BT ∈ [0.35,0.45] T
and ne ∈ [1.6,2.2] × 1020 m−3. Here the
convention is used that negative beam
power means injected in the counter-Ip

direction whereas positive power is
injected in the co-Ip direction

The linear stability of the ideal n = 1 internal kink
mode with respect to the toroidal rotation at finite ion
diamagnetic frequency has been analysed using the
MISHKA-F code. MISHKA-F incorporates the effects
of toroidal rotation and the ion diamagnetic drift on
ideal and resistive eigenmodes in general toroidal ge-
ometry. It takes input from HELENA [6] which solves
the static Grad-Shafranov equation which is sufficient
as long as the toroidal rotation is sufficiently sub-sonic,
vφ/vA < 0.2 [7] where vφ is the toroidal flow prescribed
as a profile input to MISHKA-F, vA = B/

√
µ0n0Mi, B

is the equilibrium magnetic field, n0 is the plasma den-
sity and Mi is the mass of the ions. The growth rate of
the kink mode is decreased as the toroidal rotation is
increased in the co-current direction. However, when
there is a finite ion diamagnetic frequency, the n = 1
internal kink mode is initially destabilised by toroidal
rotation in the counter-ω∗i direction, before being com-
pletely stabilised at high toroidal flows. This is consis-

tent with the results found experimentally in MAST.

Fig. 3 shows the growth rate of the n = 1 internal kink mode in discharge 13541 with respect
to the rotation velocity at the magnetic axis. As the ion diamagnetic frequency is increased,
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the toroidal rotation velocity at which the n = 1 internal kink mode is most unstable increases
in the counter-ω∗i direction. When modelled at the same ion diamagnetic frequency as mea-
sured experimentally at the time of the first sawtooth crash, it is found that the kink mode is
most unstable at approximately the same toroidal velocity that minimised the sawtooth period
experimentally (see Fig. 4).
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FIG. 3. The growth rate of the ideal n = 1
internal kink mode in discharge 13541 as
a function of the toroidal rotation speed.
The parameter τ represents the ion dia-
magnetic frequency.

The sawtooth period is an inherently non-linear prop-
erty, so in order to use linear stability analysis to ad-
dress this it is necessary to consider the radial loca-
tion of the q = 1 surface amongst other effects. The
q = 1 surface increases radially as a function of time [4]
between sawtooth crashes, meaning that the position
of the q = 1 surface is related to the sawtooth pe-
riod. As q0 is increased towards unity, the position of
the q = 1 surface moves radially inwards, since the q-
profile is monotonically increasing. When q0 is var-
ied in MISHKA-F, the toroidal magnetic field is scaled
but the poloidal beta value remains at the experimental
value, βp = 0.56. The marginally stable q = 1 position
with respect to the toroidal rotation speed at the q = 1
surface is plotted in Fig. 4.
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FIG. 4. The radial location of the
marginally stable q = 1 surface in dis-
charge 13541 with respect to the toroidal
rotation at the resonant surface (squares).
Also shown for comparison is the saw-
tooth period of shots in MAST (open
circles). It should be noted that the
discharges with no NBI heating are
marginally ideally stable and require a
ramp in β to drive n = 1 internal kink in-
stabilities.

The scans represented in this figure are for the n = 1 in-
ternal kink mode in counter-NBI discharge 13541 using
the experimental rotation profile and ion diamagnetic
frequency, ω∗i = 23 kHz. The q = 1 surface is nearest
to the centre at approximately the same counter-vφ as
required to minimise the sawtooth period. Using the
assumption that r|q=1 ∝ τST this suggests good accor-
dance between the MISHKA-F stability analyses and
the experimental data from MAST.

Analytically, the growth rate of the internal kink mode
as a function of the toroidal velocity can be found by
using Eq. (3.17) of Ref. [5]:

Ω =
ω∗i

2
± 1

2
(1−κ2)1/2[ω2

∗i−4(1−κ2)Λ2ω2
A]1/2 (1)

where Ω is the Doppler shifted mode frequency, Ω =
ω− vE(r0)ky, ω is the mode frequency, vE is the E ×B
drift speed, ω∗i is the ion diamagnetic frequency and
Λ = qRγ̂/vAs, with

γ̂2 = − 1
(1−κ2)2

[

Ω(Ω−ω∗i)+
κ2ω2

∗i
4

]

. (2)

The dimensionless parameter κ is the normalised velocity shear,

κ =
qR
svA

d
dr

(

rvφ

Rq

)

, (3)
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where ky = m/r, m is the poloidal mode number and s is the magnetic shear, s = (r/q)dq/dr,
evaluated at the q = 1 surface. In these studies, the κ terms will be small since the toroidal
velocity shear is much smaller than the Alfvén frequency and the magnetic shear is not very
low. In the limit vφ � vA and s ∼ 1, equation 1 becomes

Ω ≡ ω−Ωφ ' ω∗i (4)

This means that the precursor mode frequency will change direction when Ωφ ' −ω∗i, which
is to say that the toroidal rotation frequency of the plasma induced by the NBI balances the
ion diamagnetic frequency. The results presented above are consistent with this theoretical
prediction.

MHD stability analyses including toroidal rotation effects have accurately modelled experimen-
tal sawtooth behaviour on MAST. Such behaviour can be attributed to fluid effects [8] arising
from the high toroidal flows generated by neutral beam injection. Kinetic modelling, which will
be addressed in future work, will aim to assess the contribution made by kinetic effects [9] to
the stabilisation of the kink mode.

3. Error fields

Non-axisymmetric magnetic fields, or error fields, which are caused by imperfections and mis-
alignments of the field coils, have the potential to induce instabilities in the plasma which can
stop the plasma rotation and terminate the discharge. A set of four error field correction coils
have been installed on MAST to study this and enable a correcting magnetic field to be applied.
Each coil consists of three turns and can carry a maximum current of 15 kA·turns of current. In
routine use, the coils are arranged in two pairs, with opposite coils wired in series to produce
non-axisymmetric magnetic fields with an odd-n spectrum.

FIG. 5. Scaling of locked mode threshold with density, toroidal field
and safety factor.

Error fields play a particular
role in the physics governing
the βN limit. This limit orig-
inates from the n = 1 kink
mode, but can be increased
by plasma rotation, which has
a dissipative interaction with
the kink mode in the pres-
ence of a wall. New mod-
elling studies for MAST in-
dicate that in-vessel conduct-
ing structures have a wall-like
stabilising effect, opening up
a window for operation above
the no-wall kink mode β-limit.
This indicates that the high-
est βN discharges on MAST
access this rotational stabilisa-
tion regime. Thus an upgrade
to the neutral beam systems
now leaves MAST well placed
to probe this resistive wall mode physics, using its error field systems to perturb plasma rotation
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and test models for the dissipation mechanisms that stabilise the mode.

Three scans were performed in order to determine how the locked mode threshold scales with
density, toroidal field and q. In each of the scans, one quantity was varied while the other two
quantities were kept constant. Fig. 5 shows the results of the scans that were performed. The
density scan, Fig. 5a, was performed at fixed BT = 0.55 T, Ip = 600 kA. The open point had a
different value of q95 than the rest of the dataset and so was not included in the fit. The toroidal
field scan, Fig. 5b, was performed at fixed density, ne = 2.3× 1019 m−3 with the ratio BT /Ip
fixed. The q scan, Fig. 5c, was performed at fixed density, ne = 2.2×1019 m−3 and BT = 0.6 T
and q was varied by varying Ip. Here the scaling is presented as a function of the cylindrical q,

qcyl =
5a2BT

IpRgeom
,

where a is the minor radius in m, Ip is the plasma current in MA, BT is the toroidal field in T at
the geometric radius, Rgeom which is in m. The full scaling is represented as a power law,

B21

BT
= 5×10−5 n1.1±0.2

e B−0.7±0.1
T q1.4±0.2

cyl

Here, B21 is the m = 2, n = 1 component of the applied magnetic field normal to the q = 2 sur-
face.
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FIG. 6. Demonstration of error field correction increasing the operational
space of the machine.

By applying currents in
the error field correc-
tion coils to cancel out
the intrinsic error it has
been possible to oper-
ate MAST in regimes
that were not accessible
without this correction,
such as a low density
regime used to study cur-
rent drive physics. Fig. 6
shows a matched pair
of shots where the den-
sity was reduced gradu-
ally through the shot. It
can be seen that in the case where there was no error field correction (blue traces) a locked
mode starts to grow from 210 ms. There is a sudden drop in density, the sawteeth disappear
and the discharge disrupts at 260 ms. With error field correction (red traces) the discharge is
seen to continue dropping in density, no locked mode is seen and the discharge runs to full
length. By applying error field correction it was possible to achieve a density 30% lower than
that achievable otherwise, and this density was still not low enough for a locked mode to occur.

The power law scaling found above can be used to extrapolate to future devices, such as a pro-
posed steady state spherical tokamak fusion power plant (STPP) [23] or component test facility
(CTF) [24]. Using the scaling law found for MAST, these values give a locked mode threshold
of B21/BT = 1.85×10−4 for the STPP and B21/BT = 1.0×10−4 for the CTF. When the uncer-
tainties in the scaling law are taken into account, the locked mode threshold is predicted to be
in the range B21/BT ∈ [1.05,3.3]×10−4 for the STPP and B21/BT ∈ [0.55,1.75]×10−4 for the
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CTF. On MAST, the intrinsic error field B21/BT is of the order 1.3×10−4. Therefore, it would
be prudent to include a set of error field correction coils in the design of any future device.

4. Fast particles

FIG. 7. Alfvén cascade in MAST discharge #15806. As
the mode enters the TAE frequency gap it exhibits up-
down frequency sweeping behaviour characteristic of
the formation of holes and clumps [21].

Several types of Alfvénic instabilities
including Toroidal Alfvén Eigenmodes
(TAEs) can be excited on MAST through
resonant interaction with the energetic
ions produced by neutral beam injec-
tion (NBI). However, it was first noted
that the NBI system drives these waves
to such a strong degree that only
high-amplitude ”chirping” (frequency-
sweeping) linear [22] and non-linear [10]
non-perturbative modes are observed. A
scan in NBI power from 1.5 MW down to
0.5 MW was therefore performed in order
to reduce the energetic ion drive and avoid
these chirping modes. It was found that

the optimum NBI power required to drive clearly observable ACs was 1.3 MW. At this power,
TAE are still highly unstable however and they generate double-chirping modes as shown in
Fig. 7 and previously investigated in detail [10].

FIG. 8. Alfvén cascades in MAST discharge #16149.
The colours indicate the toroidal mode number and en-
able the deterimination of qmin(t). The simultaneous
occurrence of all modes at t ∼ 100 ms corresponds to
qmin = integer = 3 and is known as a Grand Cascade.

The Alfvén cascade (AC) eigenmode is
a global shear Alfvén wave characteristic
of ”advanced” tokamak plasmas where a
non-monotonic safety factor profile, q(r),
is present. These have been searched for,
found, and investigated in a recent series
of experiments conducted on MAST. ACs,
as shown in Fig. 8, are associated with the
extremum point of the Alfvén continuum
localised at the magnetic surface where the
minimum value of q(r), labelled as qmin,
occurs [12, 13, 14]. During the evolution
of the plasma current, the eigenfrequency
of the AC, ωAC(t), changes due to the evo-
lution of qmin(t), via the dispersion relation
for shear Alfvén waves,

ωAC(t) =
vA

R0

∣

∣

∣

∣

n− m
qmin(t)

∣

∣

∣

∣

+∆ω, (5)

and observations of ACs immediately reveal two important equilibrium properties, namely that
the shear is reversed and the rate of current diffusion at the position of qmin,

d
dt

ωAC(t)' m
vA

R0

d
dt

q−1
min(t). (6)

Previous observations of ACs with magnetic pick-up coils and interferometry have been made
on JET [12, 13, 14, 15], DIII-D [16], JT-60U [17], TFTR [18], and C-MOD [19]. Due to
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the simple and robust relation in equation (6) between the frequency of the observed AC and
qmin(t), and because of the time correlation between qmin = integer and internal transport barrier
(ITB) triggering events in shear-reversed plasmas, ACs are routinely used for developing ITB
scenarios on JET [15, 20] and DIII-D [16].
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FIG. 9. Time traces showing time evolution of plasma current
and neutral beam heating in MAST shots #16095 and #16149.

In addition to studying the physics
of global shear Alfvén waves at
tight aspect ratio, the search for
Alfvén cascades on MAST also
aimed at developing a reliable diag-
nostic for magnetic shear reversal.
On MAST ACs were observed in
two main scenarios. The first sce-
nario had a fast (> 5 MA/s) ramp-
up of the inductive current and NBI
was applied early in the discharge,
i.e. at 70 ms (see blue trace in
Fig. 9). The second scenario under-
took a two-step current ramp-up and
NBI was applied late, at 150 ms (see
red trace in Fig. 9).

In the first scenario, ACs and ITBs associated with the magnetic surface qmin = 3 were investi-
gated, whilst the second scenario aimed at studying ACs and ITBs at the time of qmin = 2 appear-
ing in the plasma. Both scenarios supported ACs and, occasionally, ITBs, with the two-step sce-
nario achieving temperatures approximately double that in the other scenario, Ti ' Te ' 1.2 keV.

FIG. 10. High frequency MHD activity following
cessation of Alfvén cascades in MAST #16105. TAE
are observed at f ∼ 175 kHz

After identifying the optimal NBI power, the
start time of NBI was scanned in both scenar-
ios to attain the most unambiguous AC obser-
vation for as long as possible. The best NBI
time was found to be 70 ms in the first sce-
nario and 130 ms in the second. In both cases,
the ACs were observed until at least 220 ms
into the discharge showing the existence of
magnetic shear-reversal well into the current
flat-top phase. In addition to being visible
in the external magnetic measurements, ACs
were also visible using the MAST interferom-
etry system. In the second (two-stage cur-
rent ramp-up) scenario described above, an

increase of the current ramp-up rate during the second step was found to lead to significant
MHD activity with no further evidence for a shear-reversed equilibrium. Only TAE modes and
no ACs were subsequently observed. Following this event, a number of high-frequency modes
(≤ 1 MHz) clustered in frequency were detected using the new high-frequency magnetic coils
(sampling rate 10 MHz), see Fig. 10. These modes are similar to previous observations on
NSTX that were interpreted as Compressional Alfvén Eigenmodes [25] and to earlier observa-
tions on MAST using a lower data sampling rate [26].
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5. Conclusions

Detailed MHD studies in MAST have helped clarify the role of plasma rotation on MHD sta-
bility; an important issue for ITER where large sawteeth may destabilise NTMs. Error field
scalings for locked mode formation confirm conventional aspect ratio scalings, increasing con-
fidence in ITER predictions. New modelling studies have shown how MAST accesses the rota-
tionally stabilised regime that governs the βN limit, enabling it to probe this physics and address
critical questions for the AT operation of ITER and an ST power plant. The low magnetic field
in MAST has identified it as an ideal test bed for fast particle driven modes and the observation
of Alfvén cascades has confirmed the development of reversed magnetic shear configurations
that endure well into the plasma current flat-top phase. Observations of these modes have in-
dicated the rate of plasma current diffusion and the occurrence of rational values of the safety
factor at the surface of magnetic shear reversal.
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