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Abstract. In the present paper, we address the issue of fast ion and fusion product transport in conditions that
are typically relevant for burning plasmas operating in so called Advanced Tokamategimes. Our results have
direct implications, e.g., on the choice of current profiles for ITER steady state operations. We demonstrate that
in a Tokamak equilibriumwith hollow-¢ profile, in general, two types of EPM (Energetic Particle Modes[1]) gap
modes may exist near the minimum-¢ surface (¢ = qp), characterized by opposite signature in frequency: one
with upwards chirping frequency [2] and the other with downward chirping frequency as q o drops. It is shown that
EPM gap modes are described by the same dispersion relation of the usual resonant EPMs [1] and that they can
indeed be considered as the same mode with, however, different dominant damping mechanisms. This work also
presents a discussion of EPM non-linear dynamics with respect to energetic ion transport in tokamaks with hollow
g-profiles. Numerical simulations based on a Hybrid MHD-Gyrokinetic Code (HMGC) [3, 4], demonstrate that,
above the EPM excitation threshold, fast radial redistribution of energetic ions takes place on atime scale that is
proportional to the inverse EPM growth rate (typically &~ 1007 4, 74 = Ro/v4 being the Alfvéntime). The rapid
evolution of EPM mode structures and the associated fast ion transport is interpreted within the framework of the
relay runnermodel for non-linear EPM dynamics[5]. It isfound that a sensitiveparameter for tokamak equilibria
with hollow-q profilesis ¢ at the minimum-q surface, higher ¢ corresponding to larger particle transport. This fact
has clear implications on the choice of current profilesin a burning plasma[6].

1. Introduction

From the point of view of EPM excitations, the plasma cross section in tokamaks with hollow
g-profiles is divided into three regions by the presence of the minimum-g surface [7]. Inner
and outer regions are obviously characterized by different values of magnetic shear and fu-
sion products/fast ion energy density. The plasma volume inside the minimum-¢q surface has
typically negative and often small shear. Here, the fast ion energy density is maximum, due
to the spatial localization of DT fusion cross section and of additional power input sources.
Meanwhile, the outer region has positive magnetic shear but small fast ion energy density. A
toroidal annulus, centered at the minimum-q surface, separates these two regions and is charac-
terized by peculiar properties of both EPM stability and mode structures. For awave of toroidal
mode number n, it is possible to show that the width of the annulus is given by the inequality
s> < S?/n. Here, s = rq'/q isthe conventional definition of magnetic shear, prime denotes
derivation in the radial direction » and S? = r2¢"(ro)/q2 is a measure of the concavity of the
g-profile at the radial location of the minimum-q surface, wherer = ry, ¢ = go and s — 0. In
this paper, we discuss the relationship of EPMs that are resonantly driven in the small but finite
shear region with those that are excited in the toroidal annulusat . Various relevant aspectsin
this problem, involving both linear (Section 2) and non-linear physics issues (Section 3), will
be treated in the present paper.
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2. Excitation of resonant EPMs and EPM gap modes
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FIG. 1. Structure of the shear A#m continuous spectrum near the minimgisurface atr 3. From (a)
to (c), the value ofy decreases. Here;, = M(r — 7).

Consider modes localized near ry, where ¢ has a minimum given by ¢o. Consider also a given
toroidal mode number n and a poloidal mode number m such that the normalized parallel wave
vectors Q4 ,, = ngo—m < 0andQ4.,,—1 = ngo—m+1 > 0. Itisthenreadily demonstrated that
the condition under which continuum damping is minimized is that with —1/2 < Q4,, < 0
and 1/2 < Qa1 < 1. Infact, thisis the condition under which there is a frequency gap
between the (m, n) mode continuum, that has alocal maximum at r,, and the (m — 1, n) mode
continuum, that has alocal minimum at ro. For Q4.,, + Qam-1 > ro/ Ry, theloca (r ~ r)
structure of the shear Alfvén continuous spectrum is shown in Fig. 1(a). There, it is evident
that the typical frequency gap between the local minimum of the (m — 1, n) mode continuum
and the local maximum of the (m,n) mode continuum is larger than the frequency shift due
to toroidal coupling. Thus, toroidal coupling between (m,n) and (m — 1,n) modes can be
neglected. The two modes, then, satisfy the following approximate dispersion relations, derived
from avariational principle [7]:

I — St 2n A,
S 2n A1
V2am-1 == 25/2p1/2 <§ Qam-1 1) 7 0

where Q = w/wa, wa = va/qRy, va isthe Alfvén speed, Ry is the tokamak major radius, and
A1, Ay, represent the resonant and non-resonant contribution of energetic particles. Equa-
tions (1) demonstrate that EPM gap modesan be excited near a minimum-q surface only in the
presence of an energetic ion population [2, 7]. They are valid for general fast ion distribution
functions; however, as JET experimental results with lon Cyclotron Resonant Heating (ICRH)
in reversed magnetic shear discharges have recently attracted significant attention [2], in therest
of this Section we will refer to such conditions, specifying A,,, as
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Here, K(sin(6,/2)) is the complete elliptic integral of the first kind, J,, h = 1,2,3,... are
Bessel functions, 6, is the trapped particle bounce angle, vry = /T /mpy isthe fast tail ion

thermal speed, w = v?/2v2,, Ay = V2wkopruV'1 + 22, pra = vra/wen, Wenr = egB/muc,
ABH = \/wRQ/TQszqQkaLH, Wag = /ﬂgpLH(’UTH/RQ)’w and the bounce frequency WBH —

\Jwro/Ro(vru/qoRo). Moreover, integration in z accounts for the non-localresponse of fast
ions due to finite Larmor and banana orbit widths, Q Foiy = (2w3/0v? +k X b - V /wen) Fom,
b=B/B, and Fyy isthe fast ion tail distribution function.

Note that the first of Egs. (1) was originally derived in Ref. [2], where the expression of
A,, was obtained assuming that the fast ion toroidal precession frequency, wqy, is such that
wap > w [2]. Inthislimit, which appliesin avariety of JET experimental conditions [2], the
non-resonant fast ion response dominates, A,,—1/Q2 ~ A,,/Q < 0, and Egs. (1) predict that
only the (m,n) mode can be excited just above the local maximum in the Alfvén continuum
(Fig. 1(a)). A remarkable experimental evidence of this fact is the observation of Alfvén Cas-
cadesat JET, which are characterized by upwards chirpingrequencies as the value of ¢, drops
due to current diffusion [2]. In general, however, the the (m — 1,n) EPM gap mode can aso
be excited just below the local minimum in the Alfvén continuum, and that would be character-
ized by downwards chirpingreguencies as the value of ¢, drops. Generally, a transition from
IReA,, < 0toIReA,, > 0 resultsin atransition from the (m,n) EPM to the the (m — 1,n)
EPM gap mode excitation [7]. Equation (2) shows that IReA,,, depends, among other parame-
ters, both on the velocity ratio vy /v4 and on the mode frequency. Experimental control on the
velocity ratio makesit possible to excite either one of the two EPM gap modes, as described by
Egs. (1). However, the resonant energetic ion response (mode drive) also plays a crucial role.
Thus, (m,n) and (m — 1,n) EPM gap mode excitations are not mutually exclusive, and we
could generally expect the simultaneousbservation of both upwardsand downwards chirping
frequencies as the value of ¢, drops. Depending on the experimental parameter range, one or
the other signature should dominate.

ASQuam + Qam-1 — 01 (which may occur when ¢, drops), toroidal coupling effects become
more important (cf. Fig. 1(b)). The main modification of Egs. (1) in this case is due to the
existence, at r = ry, of four nearly degenerate shear Alfvén waves at the frequency of the
toroidal gap in the Alfvén continuous spectrum. For detailed analyses we refer to Ref. [7],
where the EPM gap mode properties are discussed also when Q4 ., + Qam—1 < —71¢/ Ry, due-
e.g.- toafurther dropin o, with theradial structure of the continuous spectrum becoming that
of Fig. 1(c). Inthis case, the EPM gap modesmoothly changes from aradia structure localized
near x = \/Eg (r—ro) = 0 andwill eventually end up into a double-hump structure. Thisresult
can be obtained analytically and, anticipating the numerical simulation results of Section 3.2, is
also evident from the radial structure of the Fourier harmonicsin Fig. 8 (right).

The existence condition of EPM gap modes is that of vanishing local continuum damping.e.
that the I.h.s. of Egs. (1) be rea and positive definite. Dominant damping mechanisms are, in
this case, either kinetic, as radiative or ion Landau damping, or fluid, as nonlocal continuum
damping which is aresult of resonant excitation of the Alfvén continuum away fromr, asitis
shown in Figs. 1. Figures 1 also suggest that non-local continuum damping should depend on
the mode frequency and, more precisely, decrease for increasing (2. Infact, asit isdemonstrated
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in Ref.[7], including this damping mechanism modifies the (m,n) mode dispersion relation

into:

VQum + Q[1+iexp (—4y/—nQum/S)| = 25;27;;/2 (2—2 thm - 1) . 3)
L ¢ From this expression, we note that non-local contin-
BB, | fa uum damping is important at low frequency and that
] 15 It becomes exponentially small for increasing —$2 4 ,,,.
%1 | When the complex frequency shift due to energetic par-

j b) [ . . .
] -4 ticles becomes comparable with the distance of the real
06 . mode frequency from the Alfvén continuum accumu-
1 B, 3 lation point, the I.h.s. of Egs. (1) cannot any longer
0.4+ 3 . be assumed as real and positive definite. Local con-
] -~ tinuum dampings then finite and the mode acquires
02 -, the character of aresonant EPM[1]. Thus, resonant
] EPMs and EPM gap modes are indeed the same mode
ol >~ Iy butwithdifferent dominant damping mechanisms. Res-
0 0z 04 .06 08 1 onant EPMs are generally excited at the radial posi-
FIG. 2. Equilibrium fast-particle normal- tion where the fast ion drive, o« ay = —Ro¢?By, is
ized pressure anghprofiles. strongest, i.e. typicaly inside the minimum-g surface

where s < 0. Thetoroidal annulus of width ~ (ng[/) ~'/*, centered at r, and the small but finite
negative shear region inside it can be treated within a unified mathematical formalism, yielding
the same dispersion relation for resonant EPMs and EPM gap modes, which isvalid for s = 0
aswell as0 < |s| < 1[7]:

V@3, —92)/6,, = (7/4) (20/6, — 1) (4)
where ©,, = s> and Q4,, = 0 for s # 0, and ©,,, = 5%Qa,,,/n for s = 0.

3. Non-linear EPM dynamics and fast-particletransport

In the present section, we analyze EPM non-linear dynamics with respect to both saturation
mechanisms and energetic particle transport by means of numerical simulation results obtained
with the Hybrid MHD Gyrokinetic code HMGC [3]. Here, we assume plasma equilibria with
shifted circular magnetic flux surfaces and an isotropic Maxwellian with constant temperature
profilefor the velocity space distribution function of energetic ions. Furthermore, for the sake of
simplicity, in the specific simulations presented here, we consider full nonlinear wave-particle
interactions only, while neglecting nonlinear mode-mode couplings among different toroidal
mode numbers n. Fixed simulation parametersaren = 4, a/Ry = 0.1 (with a the minor radius
of thetorus), pru/a = 0.01, vy /val—o = 1 (energetic ion thermal speed normalized to the
Alfvén velocity, on-axis value), and energetic and thermal ion species are assumed to have the
same mass number.

The energetic ion radial pressure profile, used in the present analyses, is shown in Fig. 2, where
Gy istheratio of fast-ion and equilibrium magnetic field energy densities and 3 ;o indicates its
value on the magnetic axis. The peaking factor, B0/ (B ), for such profileis B0/ {(Bu) = 9.2,
where the volume averaged 3 is defined as (8) = 2 [ (r/a)Bwd(r/a). The two modelg pro-
files, employed in the smulations, are a'so shown in Fig. 2. These profiles do not realistically
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refer to specific plasma equilibria, as e.g. ITER, and they were chosen in order to investigate
the role of ¢-profile parameters which are most relevant for energetic ion transport.

3.1. EPM excitation at different radial locations

WT, T/1,,=120.00 (8B4 /Byo) T/1,,=120.00 For Suff|c|ent|y peakaj
0; °2 pressure profiles, non-
08 linear simulations confirm
07 that resonant EPMs are
06 ] destabilized at the radia
05 0.1- location where apy is
04 maximum [7]. Numerical
03 results show that non-
linearly saturated states
are aways characterized
by EPM gap modes at
WT, Uty = 354.00 (2)(By/Byo) UT,,= 354.00 the minimum-¢ - surface,
1 02 even when  resonant
EPMs are excited within
the minimum-q surface.
Scenarii that yield these
time-asymptotic saturated
conditions  continuously
vary between two lim-
iting cases [7]. Close
to marginal stability, the
transport time scale of en-
ergetic ions is longer than
FIG. 3. Power spectrum and energetic-ion line pressure profile at téhe inverse growth rate of
different times: linear growth phase (top; = 1207 40) and saturated both resonant EPMs and
phase (bottomy = 3547 4). EPM gap modes excited at
ro. Inthese conditions, EPM excitations at different radial locations are well described within
the theoretical formulation of Section 2, and the modes are characterized by independent non-
linear evolutions. Thissituationisdepictedin Fig. 3, wherethe power spectrum 3, [y (7, w)|?
inthe (r/a, wT40) planeand the energetic-ion line pressure profile, (r/a)Bx (1) /Bro, are shown
at two different times. linear growth phase (top; = = 12074) and saturated phase (bottom;
T = 354740). Here, 749 = Ro/valr—o. The g profile (a) of Fig. 2 and 5o = 0.010 have been
assumed along with aradially constant thermal-plasmadensity, corresponding to aradially con-
stant Alfvén velocity.
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For strong drive, rapidly evolving resonant EPMs are radially displacing the fast ion source
towards the position where it can more easily destabilize weaker EPM gap modes. In this
second case, the characteristic time scale of EPM gap mode growth is longer than that of fast
ion transport: linear stability analyses are, thus, inadequate and the problem is intrinsically
non-linear, as it can be seenin Fig. 4 below. [6, 7].
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3.2. Fast ion Internal Transport Barrier and avalanches.

T, = 4500 (3B, /Buo) U1, = 45.00

1 02 In Fig. 4, an unstable
09 1 EPM [1], is excited inside
08 ' the upper continuum (top)
2; by the resonant interaction
05 01 with energetic ions. Its
04 saturation takes place be-
03 cause of a strong, convec-

tive, radia displacement
of the energetic ions. The
maximum of the power
spectrum then migrates
02 in frequency towards the
toroidal gap and radially
outwards. This occurs be-
cause themode followsthe
outward-moving Gy max-
imum gradient and prop-
erly readjustsitsfrequency
in order to minimize con-
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tinuum damping [6].
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FIG. 4. Linearly unstable (top) and saturated (bottom) phases foarticle radial redistribu-
Bro = 0.025 and the other parameters as in Fig. 3. tion stops at the minimum-

q surface [6], suggests the existence of an energetic-particle Internal Transport Barrier (ITB),
analogous to that of the thermal plasma, for which the presence of a weak or negative mag-
netic shear region has the effect of reducing the local transport coefficients. The robustness
of such fast ion ITB can be seen in Fig. 5, where, for the ¢ profile (a) of Fig. 2, the time-
asymptotic energetic particle radia distribution is not drastically altered with respect to that
of Fig. 4 despite that the drive has been increased by a factor two, fyo = 0.05. Mean-
while, the properties of the fast-ion ITB crucialy depend on the ¢ profile [6]. Figure 6, in
fact, shows the simulation results in the saturation phase for the ¢ profile (b) of Fig. 2 and
the other parameters same as in Fig. 4. There, the detrimental effect on both local and global
energetic ion confinement is macroscopic. In fact, the effect of increasing 3 or modifying
the g-profile on fast ion transport is clearly visible in Fig. 7, where the fraction of particles
confined within a given flux surface is shown at initial equilibrium conditions (a) and in the
time-asymptotic non-linearly saturated phase for Figs. 4 (bottom), 5, and 6 (curves b, ¢ and d,
respectively). Here, the definition of the fraction of particles confined within a given flux sur-
faceis 2(3y) " Jo'*(r/a)Bud(r/a), since it coincides with the fraction of confined energy for
the present assumption of constant fast ion temperature profile. The time-asymptotic fraction
of energetic particles confined within the minimum-¢ surfacelocated at r(/a = 0.525, which at
equilibrium is 99.8% (cf. Fig. 2), is 79% in the case of Fig. 4 and 65% in that of Fig. 5. The
global particle losses in the two cases are, respectively, 1.3% and 3.1%, indicating that particle



. TH/4-4

Wl UT,= 8880 (HA)(By /Byo) Ut,,= 88.80
02

transport results mainly in
radial particle redistribu-
tion. On the contrary, in
the case of Fig. 6, global
particle losses are 6.6%,
and the time-asymptotic
fraction of fast-ions con-
fined within the minimum-
q surface is 56%. These

results clearly indicate that
FIG. 5. Saturated phase fat; (0) = 0.05 and the other parameters agorofiles with lowest ¢y,
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reason for this is that, for
a given value of g7, the
mode radial width scales,
near the ¢,.;, surface, as
1/+/nq" [7], whilethe typ-
ical orbit size is propor-
tiona to ¢,.,. Decreas
FIG. 6. Saturated phase for theprofile (b) of Fig. 2. Other parameters ing the hollowness of the ¢
as in Fig. 4. profile, while taking ¢(0)
and ¢(a) fixed, yields lower ¢” and larger g..., values, and makes both the mode and the orbit
widths larger than in the deeply-hollow ¢-profile case. Moreover, the energetic-ion drive inten-
2<B, > "8, (r/a)d(r/a) s_ity, g, scal_& as ¢2,,,. The mode _is '_[hen amore ef-

10 ‘ ‘ ‘ ficient scattering source for energetic-ion orbits even

! in the relatively low 3y case (asin Fig. 6 for 3y =
0.025). All these facts provide useful insights into the
fundamental propertiesof fast-ion 1 TB at the minimum-
q surface and have clear implications on the choice
of current profiles in a burning plasma, suggesting
that good confinement of fusion products will set
constraints on the maximum radial location of the
minimum-q surface and on the value of ¢,,;, [6]. The
simulation results in Figs. 4-6 also shed some light on
the characteristic properties of energetic particle trans-
port when resonant EPMs are strongly excited. In
rla fact, there is evidence that non-linear EPM dynam-

FIG. 7. Fraction of particles confinedics produces an avalanche i.e. the radia displace-
within a given flux surface at equilibriumment of an unstable propagating frorassociated with
(a), compared to that of Fig. 4}, Fig. 5 rapid fast-particle radial redistribution which stops at
(c) and Fig. 6 @). the minimum-¢ surface [6]. That this phenomenology
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occurs during EPM induced energetic particle transport is shownin Fig. 8. There, three succes-
sive time-frames are shown, which are taken from Fig. 4 simulation results in order to display
the radial mode structure evolution during the linear destabilization and non-linear saturation
phases. Different Fourier harmonics, |¢.,,|, are displayed in different colors. As reference,
the ay deviation from the initial equilibrium profile, §« 7, is also shown as it results due to the
non-linear EPM fluctuations. It is evident that the mixtureof poloidal harmonics that give the
global mode structure is changing in time as the fast-ion source is radially displaced, exactly as
it is conjectured in the relay runner mode[5]. This model is a paradigm for strongly excited
resonant EPMs non-linear evolution. It is based on the mode particle pumpingiechanism [8]
and assumes that each dominant mode (poloidal harmonic 1) displaces energetic ions radially
and eventually becomes subdominant, replaced by the next mode in the same fashion as dif-
ferent runnersdo in arelay race The agreement between simulation results of Fig. 8 and the
paradigm model is remarkable.
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FIG. 8. EPM radial structure and its various poloidal Fourier harmonic components are shown at three
different timesy = 607 4¢ (left), 7 = 75749 (center) andr = 9074 (right), for the simulation of Fig. 4.
Theay deviation from the initial equilibrium profil&ja g, is also shown.
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