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INTRODUCTION 

 

Optimum plasma lens (PL) realized in experiments [1] at weak magnetic fields has been 

theoretically researched. The optimum PL is lens, in which the perturbations are not excited and 

particle density is uniform. Three possible reasons of perturbation damping in PL have been 

researched: namely, finite time of ion movement through PL, finite time of electron renovating in it, 

proximity of PL parameters to optimum ones. It has been shown, that the vortices are not excited in 

PL, if the overbalance of ions by electrons is close to limiting one.  

 

INFLUENCE OF PLASMA VORTICES ON ION BEAM FOCUSSING IN PLASMA LENS 

 

In short cylindrical electrostatic PL for ion beam focusing the vortices can be excited in wide 

on radius, R-rt<r<R , near wall region. Two kinds of vortices are excited. Namely, quick vortices 

are excited due to development of the resonant hydrodynamic instability of interaction of electron 

vortices of PL with ions. Also slow vortices are excited, which phase velocities are much smaller 

then the electron drift velocity in PL crossed fields. The excitation of the vortices leads to 

anomalous electron radial transport, therefore, to decrease of electron density and to PL focusing 

quality deterioration. The numerical simulation shows (see Fig. 1) that if the overbalance of ions by 

electrons decreases monotonically due to vortices excitation in wide near wall layer, which width 

equals 4/7 of PL radius, then ion beam can be focused six times.  



At increase of the PL magnetic field, Ho, electron confining properties of the magnetic field 

increase and, though vortices are excited, PL focusing quality is improved. The latter dependence 

has been observed in [1]. 

 

 

Fig. 1. Focusing of ion beam by plasma lens if 

ne-ni decreases in its circumferential region, R-

rt<r<R, monotonically on radius to 0 due to 

excitation of vortical perturbations 

 

Vortices are not excited in PL, if the overbalance of ions by electrons ∆n≡neo-nio is closed to 

limit ∆nth. Let us determine ∆nth from the condition of balance upset of the radial forces, confining 

electrons in the region of finite radius: ωHeVθme=meVθ
2/r-eEr. From this expression one can obtain 

that two last forces exceed first one if overbalance of ions by electrons, ∆n≡neo-nio, is not smaller 

then ∆nth, determined by ∆nth=Ho
2/8πmec2. If ∆n could be formed such that the following inequality 

is executed ∆n>∆nth, then the electron cloud could propagate freely transversally to magnetic field. 

Then the vortices can not be excited in PL in the limiting case ∆n=∆nth. Let's explain it. The 

instability development of the vortical perturbation excitation leads to the electron bunch formation. 

But at ∆n, closed to ∆nth, the electron bunches can not be formed due to the vortices excitation, 

because any electron bunches formation leads at once to their destruction by centrifugal and electric 

scattering forces. 

The following expression ∆nth=Ho
2/8πmec2 shows observed in [1] quadratic relation of 

optimum electron density neo on optimum Ho. 

The expression ∆nth=Ho
2/8πmec2 also shows fulfillment of criterion that the radius, 

rHe=eEr/meω2
He, of the radial electron oscillations in crossed radial electric, Er, and longitudinal 

magnetic, Ho, fields should be approximately equal to the PL radius, R. 

 

SUPRESSION OF EXCITATION OF VORTICES IN OPTIMUM PLASMA LENS  

 

Let us derive the dispersion relation and show that the oscillation excitation in the cylindrical 

PL is damped at its optimum parameters. We take into account that the beam ions pass through the 

plasma lens of length  L  during time τi=L/Vbi≡1/νi. The electrons are renovated in PL also during 

finite time, τe≡1/νe.  



We use the electron, ion hydrodynamic eq.s 

∂tV+νe(V-Vθo)+(V∇)V=(e/me)∇ϕ+[ωHe,V]-(V2
th/ne)∇ne, ∂tne+(ne-neo)/τe+∇(neV)=0  (1) 

∂tVi+νi(V-Vbi)+(Vi∇)Vi=-(qi/mi)∇ϕ, ∂tni+(ni-nio)/τi+∇(niVi)=0   (2) 

and Poisson eq. for the electrical potential, ϕ ,  

∆ϕ=4π(ene-qini)     (3) 

Here V, ne are the velocity and density of electrons; Vth is the electron thermal velocity; Vθo is the 

electron azimuth drift velocity in crossed fields of PL; Vi, ni, qi, mi are the velocity, density , charge 

and mass of ions. 

As the sizes of vortices are much greater than the electron Debye radius, rde≡Vth/ωpe, then the 

last term in (1) can be neglected. Here ωpe≡(4πnoee2/me)1/2, noe is the unperturbed electron density. 

From eq.s (1) one can derive non-linear eq.s 

dt[(α-ωHe)/ne]=[(α-ωHe)/ne]∂zVz-ανe/ne, dtVz+νeVz=(e/me)∂zϕ   (4) 

describing both transversal and longitudinal electron dynamics. Here  

dt=∂t+(V⊥∇⊥) , ∂t≡∂/∂t , ∂z≡∂/∂z    (5) 

V⊥, Vz are the transversal and longitudinal electron velocities, α≡ezrotV is the vorticity.  

Taking into account higher linear terms, from (1) one can obtain 

V⊥≈(e/mωHe)[ez,∇⊥ϕ]+(e/mω2
He)(∂t+νe)∇⊥ϕ     (6) 

From (6) we derive 

α≈-2eEro/rmωHe-(eEro/m)∂r(1/ωHe)+(e/mωHe)∆⊥φ+(e/m)(∂rφ)∂r(1/ωHe)+ 

+(e/m)(∂t+νe)ez[∇⊥,ω-2
He∇⊥φ]≡µωHe ,  ∇ϕ≡∇φ-Eor     (7) 

Here Eor is the radial focusing electric field, φ is the electric potential of the vortices; -

2eEro/rmωHe=(ω2
pe/ωHe)(∆n/noe)≡ηωHe, ∆n≡noe-qinoi/e. 

From (3), (7) α≈(ω2
pe/ωHe)δne/neo approximately follows. Thus the vortical motion begins, as 

soon as the electron density perturbation, δne, appears. 

We use that, as it will be shown below, the characteristic frequencies of perturbations 

approximately equal to ion plasma frequency, ωpi.  

As beam ions have large mass and propagate through PL with fast velocity Vib, we will 

describe their dynamics in linear approximation. We derive ion density perturbation from eq.s (2)  

δni=-nio(qi/mi)∆ϕ/(ω-kzVib+iνi)2      (8) 

Here k, ω are wave number and frequency of perturbation, Vib is the ion beam velocity. Substituting 

(8) in Poisson eq. (3), one can obtain  

β∆ϕ/4πe=δne, β=1-ωpi
2/(ω-kzVib+iνi)2, ne=noe+δne     (9) 

Let us consider instability development in linear approximation. Then we search the 

dependence of the perturbation on z, θ in the form δne∝exp(ikzz+ilθθ). Then from (4) we derive  



dt(ωHe/ne)(1-µ)=ανe/ne-(eωHe/meneo)ikz
2ϕ(1-µ)/(ω-lθωθo+iνe), ωθo≡Vθo/r.    (10) 

From (5), (6), (9), (10) we obtain, using the radial gradient of the short coil magnetic field, the 

following linear dispersion relation, describing the instability development  

1-(1-η)ω2
pe(lθ/r)∂r(1/ωHe)/k2(ω+i/τe-lθωθo)-ω2

pi/(ω+i/τi-kzVbi)2-(1-η)ω2
pekz

2/k2(ω+i/τe-lθωθo)2=0. (11) 

It is necessary to note, that at optimum PL parameters η=1.  

Let us mean the quick vortices those, which phase velocities Vph≈Vθo. For them from (11) we 

derive in approximation kz=0, ω=ω(o)+δω, ⏐δω⏐<<ω(o) and neglecting τe, τi 

ω(o)=ωpi=lθωθo , ωθo=(ω2
pe/2ωHe)(∆n/noe), ∆n≡noe-qinoi/e    (12) 

δω=iγq,  γq=(ωpe/k)[(1-η)(ωpi/2)(lθ/r)⏐∂r(1/ωHe)⏐]1/2 

Here noi is the unperturbed ion density. At obtaining (12) we used a validity of an inequality 

(1-η)(∆n/noe)(r/ωHe)ω2
pe⏐∂r(1/ωHe)⏐<<me/mi     (13) 

It is fulfilled at a weak overbalance of beam ion space charge by electrons of PL, ∆n/noe<<1, at 

small radial non-uniformity of ωHe, small plasma density, ωpe/ωHe<<1 and for PL, closed to 

optimum one. From (12) one can see that in PL, which parameters are closed to optimum ones, the 

excitation of the quick vortices is damped. 

From (12) it follows lθ=(me/mi)1/2(ωHe/ωpe)(noe/∆n), that for typical parameters of 

experiments, ∆n/noe≈0.1, the perturbations with lθ>1 are excited at a large magnetic field and at 

small electron density. 

As γq grows with r, taking into account τe, τi can lead to that perturbations with r smaller then 

critical value can not be excited. 

Let us introduce slow vortices as those ones, whose phase velocity is small, Vph<<Vθo. We 

derive for them from (11) in approximation kz=0 and neglecting τe, τi the following expressions 

γs=(√3/24/3)[ω2
pilθ(ω2

pe/2ωHe)(∆n/noe)]1/3, k2=-(1-η)(1/Vθo)ω2
pe∂r(1/ωHe),  Reωs=γs/√3  (14) 

Here γs is the growth rate of excitation of slow vortices of small amplitudes, Reωs is the real 

part of the frequency. As γs grows with r, then taking into account τe, τi should lead to that 

perturbations with r smaller than some value are not excited. In other words, the vortices are excited 

far from the PL axis. 

(14) is obtained in approximation of a validity of a following inequality 

lθ>>(noe/∆n)2ωpiωHe/ω2
pe. From (14) one can show that not large lθ are excited. From (21) it also 

follows that in optimum PL the slow vortices are not excited. 

So, the quick vortices are excited at relatively small plasma density, and at parameters of 

optimum PL the quick vortices are not excited. The slow vortices are excited at large plasma 

density, and the growth rate equals zero for optimum PL parameters.  



 

SIMULATION OF HIGH-CURRENT ION BEAM FOCUSSING IN PLASMA LENS 

 

Let us numerically simulate the ion beam focusing in high-current PL of different structures. 

Namely, the spatial structure of magnetic field lines of short cylindrical permanent magnet or short 

coil such that the electron cloud of PL can be solid cylinder of length L and radius R with hollow 

cones of radius R and with cones lengths Z1 and Z2 on the ends. In Fig. 2 the simulation results of 

ion beam focusing in such PL are presented. 

 
Fig. 2. Focusing of ion beam by plasma lens if 

electron column has hole cones on its ends 

Fig. 3. Focusing of ion beam by plasma lens if 

electron density grows in region, R-rt<r<R, on 

1/3 

One can see that all trajectories do not converge in one point, however if the altitudes of hollow 

cones are small, the aberrations are small. 

In Fig. 1 the results of the ion beam focusing in PL, in which in wide near wall region, R-

rt<r<R, the strong vortices are excited, are shown. These perturbations lead in the region of their 

excitation to anomalous radial transport of electrons, and certainly to strong decrease of electron 

density in this region.  

The excitation of the oscillated fields in the near wall region of PL can be damped by 

providing of the positive radial gradient of the electron density. Certainly, this gradient of density 

could lead to aberrations of focused beam. The numerical simulation, presented in Fig. 3, shows 

that aberrations are not large. 

 

REFERENCES 

 

1. A.A.Goncharov, S.M.Gubarev, I.M.Protsenko, I.Brown. Problems of Atomic Science and 

Technology. Kharkov. 2001. N3. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.000 842.000]
>> setpagedevice


