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The internal kink (fishbone) modes, driven by barely passing energetic ions (EIs), are
numerically studied with the spatial distribution of the Els taking into account. It is found that
the modes with frequencies comparable to the toroidal precession frequencies are excited by
resonant interaction with the Els. Positive and negative density gradient dominating cases,
corresponding to off- and near-axis depositions of neutral beam injection (NBI), respectively,
are analyzed in detail. The most interesting and important feature of the modes is that there
exists a second stable regime in higher g, (=pressure of Els / toroidal magnetic pressure)

range, and the modes may only be excited by the barely passing Els in a region
of g,. < B, < B,,(B,1s threshold or critical beta of Els). Besides, the unstable modes require

minimum density gradients and minimum radial positions of NBI deposition. The physics
mechanism for the existence of the second stable regime is discussed. The results may provide
a means of reducing or even preventing the loss of NBI energetic ions and increasing the
heating efficiency by adjusting the pitch angle and driving the system into the second stabile
regime fast enough.

1. Introducion

The effects of energetic ions (EIs) on plasma instability and confinement in toroidal
devices have been a major subject of theoretical and experimental studies in recent decades.
The fish-bone like internal kink modes excited by trapped Els have been observed in
perpendicular neutral beam injection (NBI)* as well as ion cyclotron resonance heating (ICRH)
experiments.>® These modes have been analytically and numerically investigated in detail and
shown to be resonantly excited by precession of deeply trapped Els.*” Besides the low
frequency fish-bone modes, high frequency internal kink modes, being resonantly destabilized
by passing Els, have also been observed in tangential NBI experiments.® These instabilities
usually result in loss of the Els, and consequently degradation of confinement and efficiency
of plasma heating. Therefore, it is crucially important to control and to avoid the instabilities
in advanced tokamak experiments. On the other hand, experimental and theoretical studies
have shown that a population of energetic trapped ions can result in plasma completely stable
to both sawtooth oscillations and the fishbone mode.*** In this work, the unstable modes
driven by barely passing Els are investigated, taking the spatial density distribution of Els into
account. The frequency of the modes is found to increase dramatically when the radial profile
of the EI density changes from off-axis peaking to near-axis peaking. The mode growth rate
as a function of s, has a maximum and, therefore, there exits a second stable regime in

higher s, range.

2. Dispersion relation

A larger-aspect-ratio tokamak plasma consisting of core and hot (energetic) components
is considered. The inverse aspect ratio ise =a/R <<1 (here a and R are minor and major radii
of the torus, respectively). The following orderings are assumed in this paper in accordance
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with tokamak experiments: g ~0(@), B,, ~O(s), (B, is the poloidal beta value of the core
component), and the temperature ratio between the core and hot components, T /T, ~ O(¢?).

Therefore, the density ratio between the energetic and the core components is estimated
asn, /n, ~ O(¢°) . By making use of these assumptions, a dispersion function is obtained as ,**

D(@) = Wiy + W, + 5 » (1)

and sw, are MHD and Kkinetic

MHD

Where &, =—%w2JdSXpm|§|2 is the inertial term, sw

contributions, respectively, given by the following two equations,
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the curvature of the magnetic field line, E is energy of Els , &., = w., /T,, Tn is temperature of
Els. ., =T, /(m,0,)(bxVInF)ev is the diamagnetic drift frequency of Els,
A= (§ Adl /v, \)/(§d| I\v,|) is anaverage over a field line, o = ./E (4 is magnetic moment) and
o, are the pitch angle and cyclotron frequency of the Els, respectively,
and F(r,a,E) =n(r)s(a - a,)g(E) is the distribution function of the Els. In addition, the transit
frequency w, is neglected in Eq. (3) due to the fact that barely passing Els are considered only.
The radial density profile is assumed to be n(r)~e ™ and a slowing-down energy
distribution g(E) = E*'?is employed for the Els. w, = (Eq/re,R)K, IS the bounce averaged

precession frequency of the Els. K. is a function of the first and the second kinds of complete
elliptic functions £ and

o B E(L/K) 4
Ko =1+ 2K s 1] + 4k Lo~ 2K(1/k)\/1 1/k?] 4)

with the argument k2 = 1/, 1+ r/R)/(2r/R)for passing particles,"*** here, and s=rdg/qdr is
magnetic shear. The average beta value of the Els inside the g=1 flux surface may be
expressed as

B, = [d*x8x([d*VEF)/B*V =c, [ rdrd (aB)Ef (r,a, E)K,dE , (5)
where V is the volume of plasma column, f(r,a,E)=2"?RVEF(r,a,E)/N,is the normalized
distribution function, N, is the total number of the Els, and c, = 27N, The third term on the
RBzr2
right hand side in Eq.(2) indicates that the contribution of the hot particles to sw, . is

MHD

MWoon =—fd3x(~§1 e VP)(& e «)). In order to minimize the dispersion function Eq.(1), an
appropriate trial function is constructed asé&, = (e, +ig,)&, exp(i6 —ig)inside the g=1 flux

surface of radius rs and £ =0 outside the surface. Note, the toroidal and poloidal wave
vectors as well as the radial structure of the mode under consideration are all fixed with this
trial function. Following the minimizing procedure described in Refs.4-5, the dispersion
relation is obtained as following from Egs.(1-3),
0= D() = —i—=+ W, + W,yy0 , + W, , (6)
Wy
where  the  normalization W =2ROW /(zB*r2E2)  has  been  introduced  and
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W, =37Aq(r, /R)*(13/144 - B2) is obtained ** with 5 :_(iz)zrjrz Bdr , Aq =1-q(0), and
r-s 0

B =8P /B2 is the beta value of the core component. After integrated over energy E and pitch
angle o, Eq. (6) becomes,
0=D(w) =—i-Z+ W, + oW, , + OW,,. (7)
a)A
Here, the responsessw, ,andsw,, are damping and driving terms and given by the following
two equations, respectively,
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with a'=jn(f)\/?df, Q=wlw,, An=n(r,)-n(0). We can evaluate the threshold beta of Els
0
by lettingo =0, +iy,y — 0. Considering that In(x) =In|x+iz Whenx <0, an expression for

the threshold beta can be easily obtained as following by letting im D(w) =0,
2r.a’
ﬂh crit — : a)ds 1/Q, ' (10)
n(r)fdr

W,

where q_>1has to be determined by substltutlng Eqg. (10) back into the real part of Eq. (7).

The normalized A, B, C are given as,
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3. Numerical results

We consider a neutral beam injection experiment (injection energy E,=60KeV) on the
HL-2A tokamak™ with a circular cross section equilibrium configuration. The other
parameters are the toroidal magnetic field B=1.68T, the major radius R=165cm, the minor
radius a=40cm, the magnetic shear s=0.003, the Alfven frequency w, =4.31x10° T,

r, =0.72/0.25 corresponding to the cases that positive/negative radial gradient of the energetic
ion density dominates (i.e. off-axis/near-axis NBI heating, respectively). sw_ =0.003 (i.e.
MHD is stable) and the g=1 surface is located at rs=a/2. Under these conditions, the particles
with 0<a, <1-r,/R(0or k>1) are passing particles.

The dispersion relation, Eq. (7) is numerically solved and an unstable mode is found to
be driven by barely passing Els. The real frequency », and growth rate y of the mode
versus g, are given in Fig.1 where the lines with open circles denote modes in the high

frequency range whereas the lines without symbols do that in the low frequency range.
Meanwhile, the dashed, the dash-dotted and the solid lines correspond to o =6, 7, 7.5,
respectively, with «,=0.8, f,=0.25 for the modes with higher frequencies, and «,=0.8, 0.78,
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0.76, respectively with o=2.5,1,=0.72 for the modes with lower frequencies. Generally

speaking, the modes are unstable in the lower and higher frequency ranges for off-axis
peaking and near-axis peaking density profiles, respectively. The striking feature of the modes
studied here is that there exists a second stable regime in the higher g parameter range and,

therefore, there are two threshold beta values, g, and g, ,. The instability is excited by barely
passing energetic ions when the condition g, > g, is satisfied. The growth rate increases first,
and then decreases gradually after reaching a maximum when g increases. Finally, the
mode becomes stable when g > g, .. The real frequency of the mode is comparable to the
toroidal precession frequency o, indicats that the resonant excitation is dominant. The
expression of «, above indicates that it is inversely proportional to radial position r.

Therefore, the modes in high and low frequency ranges are driven unstable, respectively,
when the radial profile of the EI density changes from near-axis peaking to off-axis peaking.
This figure also indicates that the higher the o value, the wider the unstable range of g,

for fixed #,=0.8, and f;=0.25. On the other hand, the lower the ., value, the wider the
unstable range for fixed o=2.5, f,=0.72 and the parameter «, domain studied here.
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FIG. 1. The mode real frequency ¢, and growth rate

y as functions of s, , the lines with circles and without

symbols denote the modes in high frequency and low
frequency ranges, respectively.

Shown in Fig. 2 are the real frequency @, and growth rate y as functions of beam
energy g, with g, =0.002anda, =0.8. The lines with circles correspond to near-axis heating
withf,=0.25, o =7 and the other lines correspond to off-axis heating with r,=0.72, 0 =2.5. It
is clear that the growth rate increases monotonically with increasing beam energy when g, is
kept constant. Consequently, there exists a critical g, for both near-axis and off-axis heating

cases. In addition, the critical beam energy for near-axis heating case is about 3/5 of that for
off-axis heating case.

FIG. 2. The real frequency @, and growth
rate y as functions of the beam energy E,
for off-axis heating and near-axis heating.

Given in Fig.3 are the dependences of the real frequency (the solid lines) and the growth
rate (the dash-dotted lines) on the deposition position F,(the lines with triangles) of NBI

foro=7.5 and on the density gradient parameter o (the lines with circles) for r,=0.25. The
results clearly indicate that there exists a critical value, f,=f,, . Whenf,>f_, , the mode is
excited and the growth rate increases first, reaches a maximum value, and then decreases with
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further increase of r,. The real frequency monotonically decreases with increasing of f,from
high frequency range to low frequency range. The formula —» ~c/# (here c is a scaling
constant) fits the numerical results quite well as shown by the dotted line, showing the same
scaling with f, as the precession frequency », does. The growth rate and the real
frequency of the mode for r,=1.0 are both much lower than the maxima reached at r,~0.3

and 0.2, respectively. This indicates that the mode is easier to be destabilized for oF /or <0
dominating (near-axis heating) case than for oF /or >0 dominating (off-axis heating) case.
For both off-axis and near-axis heating cases, the resonant energy exchanging between the hot
ions and the modes plays an essential role in excitation of the mode with frequency
comparable to o, .
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FIG 3. The real frequency «, (the solid FIG4. The stability diagrams in
lines) and growth rate » (the dash-dotted the 5, — o plane. The solid and dotted

lines are for the modes in off-/near-axis
heating cases with § =0.72/0.25

and ¢,=0.80.

lines) as functions of F, (the lines with
triangles) and density gradient parameter
o (the lines with circles) with ¢, =0.8,
B,=0.002. f,=0.25 for the lines with circles

and o =7.5 for the lines with triangles. The
dotted lineis afitof —m, ~c/F,

In addition, the lines with circles indicate that a minimumes_, ~6is also necessary to
drive the mode unstable while the real frequency», ~1.2x10°/s does not vary much up to
o ~10 for £,=0.25. The minimumo,, ~ 2.5is also required to drive the mode unstable and

crit
the real frequency o, ~4x10*/s does not vary much up to o ~10 for f;=0.72 (not shown

here).
Shown in Fig.4 are the stability diagrams in the g, - plane. The solid and dotted lines

correspond tof,=0.72 and 1, =0.25, respectively, with,=0.80 for both cases. The g, - & plane

is divided into unstable and stable regions by each curve. The mode is unstable and stable
above and below the corresponding line, respectively, in each case. Beta values on the curves
are critical beta values g, .~ for each case. There are two critical beta values for a givenoin

each case. The ranges in Fig.4 marked with numbers 1, 2 and 3 for off-axis heating case (I, Il
and Il for near-axis heating case) are called the first, the second stable ranges and the
unstable ranges, respectively. In each first stable range, the mode can be driven on the
condition that the hot particle beta is higher than the critical value. On the contrary, the mode
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becomes stable when beta is higher than the second critical value and enters into the second
stability range. From Fig.4 we can see that the first threshold beta value of energetic ions
decreases with increasing o whereas the second one increases with increasing o for both near-
and off-axis heating cases. This indicates that the mode is difficult to be driven unstable but
easy to enter the second stability regime for flat density profiles of Els. It is the opposite for
peaked density profiles. In addition, steeper density profiles are needed to drive the modes in
high frequency range (i.e. in near-axis heating case) than that in low frequency range (i.e.
off-axis heating case).

Furthermore, it is numerically found that there exist minimum values of density gradient
parameter o = o, in the vicinity of g, = 5, ~1.0x10*for the both. The barely passing Els can

destabilize the modes through wave-particle resonance only wheno >0, .

Nyquist technique is employed to further check the results presented above. Shown in
Fig. 5 are the Nyquist diagrams plotted in the complex D(w) plane. The dashed and the

dash-dotted lines are for two g, values in the first and second stable regions, whereas the
dotted line is for one g, in the unstable region. The diagrams clearly demonstrate that there is
indeed an unstable mode (the curve encircles the original point once) only when g, is higher

than the first threshold beta value and lower than the second one. Otherwise, there are no
unstable modes (the curve does not encircle the original point). Therefore, results in Fig.(1)
are confirmed.
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FIG.5 the Nyquist diagrams plotted in the complex D plane. The dashed, dash-dotted and dotted lines
are, respectively, for the first, the second stable regions and the unstable region.

4. The possible physical mechanism

It is worthwhile to discuss the physical mechanism for the formation of the second stable
regime of the modes more in detail. Taking an off-axis heating case witho =2.5, £,=0.72 as
an example, shown in Fig.6 (a) is the damping termsw,,in Eq. (7) as a function of &, covering
both passing and trapped ranges for s, =0.002. The results indicate that the damping effect
of sw,, in the passing range (the solid line) is much stronger than that in the trapped range (the

broken line). This may mean that the modes excited by passing Els are easier to enter into the
second stability region than that done by trapped Els. On the other hand, roughly speaking,
the real part of the driving termsw,, in Eq.(7) provides necessary free energy for inducing the
unstable modes. The exciting condition for the unstable modes to develop may be estimated
as oW, + oW, , +Re(W,,) < 0 from Equation (7). That is, the free energy provided by the driving

term is greater than the damping term sw,, plus core MHD term sw,. Shown in Fig.6 (b) is the
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dependence of sw,F = oW, + oW, + Re(W,,)0on ,. The solid and broken lines are for barely
passing ions with «,=0.76 and barely trapped ions with «,=0.93, respectively. sw?
decreases monotonically, meaning the mode becomes more unstable, with increasing of g, for
barely trapped Els of 2;=0.93. In contrast, swS? decreases first, reaches a minimum and then
increases with increasing of g, for barely passing Els of «,=0.76. In addition, we learn from
equation (8) that the damping term depends on 5, linearly and is independent of the mode

frequency and growth rate. Consequently, the contribution of damping term is trivial for
small g, and predominant for large g, . This is the reason why the absolute value of sw,%in Fig.6

(b) increases with increasing g, in the small g range and decreases in the large g, range. As a
result, the mode is driven unstable for small g,. On the other hand, the destabilizing effect of
energetic ions can be greatly weakened by the damping termsw,, for large beta. Therefore, it

is understandable that the growth rate in Fig.1 increases for small beta and decreases after
reaching a maximum y for large beta when g, increases. It is also clear that there is not a

second stable regime for the internal kink (fishbone) modes driven by deeply trapped Els
since the free energy sw,; monotonically increases with g, for trapped El case. The main

features of the modes, such as possessing second stable regime, remain for radial density
profile, n(f)~e“’2“2‘f°2)2, which provide zero density gradient at the original point of
I, = 0and prevents non-physical factors.
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FIG. 6. (a) sw,, as a function of pitch angle &, for trapped (the broken lines) and passing ions (the solid
lines) with 5, =0.002 and (b) sw 7 as a function of g, with o, =0.76 for barely passing ions and «,=0.93

for barely trapped ions. The other parameters are o =2.5, f,=0.72.

5. Conclusions

the internal kink (fishbone) mode induced by barely passing energetic ions is
investigated numerically. It is found that the mode is resonantly excited by the energetic ions
and the mode frequency is comparable to the toroidal precession frequency @, . Therefore the

mode frequency is low in the case of positive density gradientar/or >0dominating case
(off-axis NBI deposition) whereas is high in the case of negative density gradient oF /or <0
dominating (near-axis NBI deposition), corresponding to the fact that the toroidal precession
frequency is inversely proportion to radial position r. The most interesting result found in this
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work is that there exists a second stable regime for the mode in the higher g parameter range
and there are two threshold beta values, g, andg,,. The mode may be excited by barely
passing energetic ions in the range of 5, < g, < B,,, only. The results are also confirmed with

Nyquist technique. The positive free energy (i.e. the damping term in the dispersion relation)
increases with increasing beta of Els and drives the plasma into the second stabile regime near
the second stability threshold beta value. The physics mechanism for the existence of the
second stability range is the competition between the driving and damping forces related to
magnetic gradient and curvature drifts as well as density gradient. Besides, there exist a
minimum density gradient parameter and a minimum deposition position of NBI for the mode
to be unstable.

The results of this work may provide a way to reduce or even prevent the loss of NBI
energetic ions through fishbone modes and to increase the NBI heating efficiency by adjusting
the pitch angle and driving the system into the second stable regime fast enough.
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